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ABSTRACT

A significant number of students receive special education services for mathematics
learning disabilities, however, many additional students need mathematics intervention to
support their learning in the regular education classroom. A Response to Intervention (RtI)
model has been identified as effective in addressing these students’ needs; however, little is
known about the skill set needed by the interventionist to provide the appropriate
instruction for these students.
This study employed a qualitative, multiple case study approach to explore the
relationship between teachers’ mathematical knowledge for teaching (MKT) and their
understanding of how students learn place value concepts. Additionally, the study explored the
relationship between teachers’ MKT and the instructional strategies they identified to support
student understanding of place value concepts in an intervention setting. The population
included four K-2 elementary school classroom teachers who also teach mathematics
intervention in a South Texas school district. The response data from the participants was
compared to Battista’s (2012) Levels of Sophistication in Student Reasoning: Place Value and
the Mathematical Knowledge for Teaching (MKT) framework proposed by Ball, Thames and
Phelps (2008) and expounded upon by Bair and Rich (2011).
The findings of the study indicated that, for this sample of teachers, those with a greater
mathematical knowledge for teaching (MKT) of place value concepts demonstrated a deeper
understanding of the mathematics content. Additionally, the teachers with greater MKT of place
value selected, with greater consistency, research-based effective instructional strategies to
support students in a mathematics intervention setting. The instructional strategies identified
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included a concrete to pictorial to abstract approach and the use of systematic, explicit
instruction.
Implications of these findings suggest that K-2 elementary school mathematics teachers
who also teach mathematics intervention should possess a greater mathematical knowledge for
teaching (MKT) and would benefit from supplementary training in Response to Intervention
instructional strategies. These findings also suggest that school leaders may need to consider the
feasibility of training teachers to be content experts versus hiring mathematics specialists for
intervention instruction. Further research on interventionists’ mathematical knowledge for
teaching (MKT) has the potential to inform teacher education and teacher professional learning.
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CHAPTER I: INTRODUCTION
Background of the Problem
The number of students in the United States (U. S.) with a specific learning disability in
reading and/or mathematics who receive services through special education has been consistently
above 2 million since 1990-1991 but increased to almost 3 million students in 2000-2001
according to the U. S. Department of Education (2016). The number of students with a learning
disability has decreased slightly since 2000 but has only decreased to 2.26 million as of the
2013-2014 reported data. This staggering number of students identified with reading or
mathematics disabilities is a significant number of students who then often struggle academically
in both content areas (Willcutt, Petrill & Wu, 2013). It is, however, important to note that this
number accounts only for those students who are identified with learning disabilities and are
receiving special education services and does not include students who struggle and often fail in
the regular education reading or mathematics classrooms. Additionally, in a report by Kena et al.
(2016) the percentage of fourth grade students in the U. S. who scored at or above the proficient
level on mathematics performance reduced from 42% in 2013 to 40% in 2015 on the National
Assessment of Educational Progress (NAEP). This large percentage of students who continue to
perform below proficient levels lends credence to the need for increased attention at the K-2
mathematics level where foundational skills are introduced and developed for future
mathematics learning. In an effort to address these concerns, a number of initiatives have been
introduced over the past decade, including Response to Intervention (RtI).
A Response to Intervention (RtI) model has been recognized as an effective tool to help
teachers identify students with mathematics difficulties before they fail (Fuchs & Fuchs, 2006).
The National Center on Response to Intervention (2010) describes RtI as a multi-level
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prevention system with increasing levels of intervention. They note that each of the three levels
or tiers include high-quality mathematics instruction within “core instruction” or regular class
instruction. This core level is denoted as Tier 1 within the multi-level prevention system. Tier 2
includes high-quality mathematics instruction with the addition of small group intervention
lessons to address foundational skills. Students who show little or no progress at Tier 2 continue
to receive high-quality instruction during their regular mathematics classroom lessons, but are
also provided more intensive, individualized intervention within Tier 3. The essential
components of the RtI model include universal screening to identify students who might be at
risk for reading or mathematics difficulties (O’Connor & Jenkins, 1999), progress monitoring to
assess students’ rate of improvement (Deno, 1985), responsiveness to intervention, and databased decision making that includes data analysis of multiple data sources to determine
appropriate supports for individual students (Fuchs, Fuchs, & Compton (2012).
Researchers in the field of mathematics intervention, Bryant, Bryant, Gersten,
Scammacca, and Chavez (2008), noted that the research on early mathematics intervention
identified number sense as an appropriate content and explicit instruction an effective
instructional strategy to address the needs of struggling K-2 mathematics students. Additional
research on mathematics intervention has revealed important aspects regarding mathematics
learning. For example, Bryant et al., (2008) reported the following findings: 1) Students who
have difficulties with early counting principles such as order of numbers will develop difficulties
with later counting principles including counting on and simple addition or subtraction
combinations; 2) Students who do not develop a conceptual understanding of place value will
struggle with future mathematics skills, particularly multi-digit calculations; 3) The
compounding factors of students not mastering counting principles coupled with difficulties with
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addition or subtraction combinations often result in students struggling with acquiring
computational fluency (note: students who struggle with addition and subtraction combinations
typically develop mathematics disabilities or difficulties); and 4) Systematic, explicit instruction
is especially beneficial and necessary for effectively addressing the needs of struggling
mathematics learners.
The specific role that student knowledge of place value plays in students’ future
mathematical ability has been well documented in the extant literature (Jordan, Glutting &
Ramineni, 2009; Bryant et al., 2011; Gersten et al., 2012), however, teachers’ mastery level of
the mathematical knowledge for teaching (MKT) of place value has been given little attention in
the literature. In one study of pre-service pre-kindergarten teachers, McClain (2003) noted that
teachers would not be able to teach place value conceptually if they did not personally possess a
conceptual understanding of place value.
Statement of Problem
Many elementary school mathematics teachers are ill-prepared to teach the content
according to research findings by Ball (1990). Studies of teacher mathematical content
knowledge during the late 1990’s revealed that while many teachers possess the knowledge
necessary to understand basic arithmetic and algorithms, they lack a conceptual understanding of
this mathematics (Ball, 1990; Mewborn, 2001). As Ball, Hill and Bass (2005) reported, the
mathematical knowledge of teachers impacts student performance unfortunately, that knowledge
is lacking in depth.
Research suggests that effective teachers possess additional and specialized knowledge.
Shulman (1987) called this knowledge pedagogical content knowledge (PCK), and defined it as
“the ways of representing and formulating the subject that make it comprehensible to others . . .
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[It] also includes an understanding of what makes the learning of specific concepts easy or
difficult: the conceptions and preconceptions that students of different ages and backgrounds
bring with them to the learning” (p. 9). Foss & Kleinsasser (1996) considered this type of
knowledge in their research on pre-service teacher beliefs about mathematics in which they
paired mathematical content knowledge (MCK) with pedagogical content knowledge (PCK).
For their study, they defined this knowledge as “knowing the content of a subject or discipline
and being aware of the means by which the content is taught” (p. 430). Ball, Thames and Phelps
(2008) referred to this type of knowledge as mathematical knowledge for teaching which they
defined as “the mathematical knowledge used to carry out the work of teaching mathematics” (p.
4). These studies emphasized the importance of specialized training needed for teachers to
acquire this additional knowledge and be effective classroom teachers. Additionally, the skill set
of the teacher has been identified as the single variable accounting for the greatest variance in
student achievement as compared to other school-related factors (Organization for Economic CoOperation and Development [OECD], 2005).
If specialized training is necessary to elevate teachers to effectively teach grade level
mathematics content, instruction on mathematics intervention will require or demand another
level of specialized training. While intervention lessons and resources have been developed to
help teachers and mathematics interventionists make better decisions regarding how to
effectively support struggling mathematics learners through identification of the appropriate
content (number sense) and instructional strategies (explicit instruction), there is an apparent
absence in the literature regarding the skill set of the person providing the mathematics
intervention.
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Purpose of the Study
The purpose of this study is to discover what mathematical knowledge for teaching
(MKT) of place value concepts one group of K-2 teachers use with their students in tier 2
intervention. Thus, this study will consider how teachers’ MKT of place value impacts their
understanding of student thinking of place value during intervention and how that informs the
instructional strategies they identify to support student understanding of place value, specifically
with tier 2 students who struggle with these concepts.
Research Questions
When evaluating and deciding upon appropriate research questions, Creswell (2014)
recommends identifying a central research question or questions. He defines a central question
as “a broad question that asks for an exploration of the central phenomenon/concept in a study”
(p. 139) and suggests that researchers select one or two central research questions. To discern
the central question(s), he recommends that researchers ask the question, “What is the broadest
question that I can ask in the study?” (p. 139). The central phenomena/concepts identified by
this researcher are (1) teachers’ content knowledge of place value and, (2) the impact teachers’
mathematical knowledge for teaching (MKT) place value has on their instructional decisionmaking.
Consequently, the following questions will inform this study:
1. How do K-2 mathematics teachers describe their understanding of how students learn
place value?
2. How does teachers’ mathematical content knowledge (MKT) for teaching place value
impact their instructional decisions with struggling mathematics students in tier 2
intervention?
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Research Method
The research method used to investigate the problem for this study was a qualitative,
multiple case study methodology to allow for rich descriptions of each case (Yin, 2009).
According to Herriott and Firestone (1983), a study is considered overall more robust and
compelling when comparing results from multiple case studies. Face-to face interviews were
utilized to discover teachers’ understanding of place value content. Student work samples were
provided during the interviews for teachers to explain their understanding of students’ thinking
and identify instructional strategies they would use to support these struggling mathematics
students’ reasoning about place value concepts. The research methodology is explained in
greater detail in chapter 3.
Theoretical Perspective
The theoretical frameworks applied to the analysis of data included Levels of
Sophistication in Student Reasoning: Place Value by John Battista (2012) and Mathematical
Knowledge for Teaching (MKT) proposed by Ball, et al. (2008) and expounded upon by Bair
and Rich (2011). Each of these theoretical frameworks are explained in detail in chapter 2.
Significance of the Study
This study is important in advancing the research on the elements that impact struggling
students’ ability to understand basic mathematics concepts. Identifying the necessary and
appropriate content knowledge of the K-2 mathematics tier 2 intervention teacher highlights
another significant variable that interacts with intervention outcomes of struggling mathematics
students. This has the potential to inform not only the research on mathematics intervention but
also inform the training K-2 teachers receive in pre-service and in-service settings. Equipping
teachers with the appropriate content knowledge will allow them to be better prepared in meeting
6

the learning needs of struggling mathematics students for both regular classroom instruction and
intervention instruction.
Thus, the results of this study will be particularly important to K-2 educators who provide
mathematics intervention instruction; school administrators who secure funding for K-2
mathematics intervention resources and professional development; university teacher preparation
personnel who instruct pre-service teachers in K-2 intervention models and frameworks; parents
of elementary school students who struggle with learning mathematics.
Limitations and Delimitation
Limitations of this study include variations in teacher years of experience, variations in
teacher specialized training and potential lack of teacher motivation to participate in this study.
The content knowledge and/or mathematical knowledge for teaching (MKT) determined by an
online assessment and through teachers’ evaluation of student work may not be reflective of their
instruction in the intervention classroom. Teacher beliefs about mathematics instruction,
teachers’ personal experiences as students and teachers’ perceptions about their own students’
abilities could all impact teacher instruction in the intervention classroom. Additionally, the
small sample size of the study limits the ability to generalize the results to other groups of
teachers.
Delimitations of this study include a narrow focus on K-2 teachers’ mathematical
knowledge for teaching of place value in a tier 2 setting while other content may play a
significant role. Also, the study will include only K-2 mathematics teachers who teach tier 2
mathematics intervention in one South Texas district.
Definitions
Direct Instruction – “a dynamic set of teacher-directed actions that center on academic content
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and activities in which the teacher communicates information directly to the students in
ways that use instructional time deliberately and efficiently, involving the gradual release
of learning responsibilities from the teacher to the learner…with scaffolds…from explicit
teacher direction to independent guided practice” (Swanson, Harris & Graham, 2013, p.
493).
Explicit, Systematic Instruction – “…requires educators to clearly teach the steps involved in
solving mathematical problems using a logical progression of skills…considers the scope
and mathematical trajectories, such as the types of examples used for developing the
foundational skills prior to introduction/re-teaching of grade level material and should
include the following components: advance organizer; assessing background knowledge;
modeling; guided practice; independent practice; maintenance” (National Center on
Intensive Interventions, 2016, p. 3-4).
Intervention – “the systematic and explicit instruction provided to accelerate growth in an area of
identified need…provided by both special and general educators…designed to improve
performance relative to a specific, measurable goal…based on valid information about
current performance, realistic implementation, and include ongoing student progress
monitoring” (http://www.rtinetwork.org/glossary, p. 1).
Learning Mathematics for Teaching (LMT) – the assessment tool to identify teachers’ MKT of
place value developed by The University of Michigan and utilized to identify teachers
selected to be interviewed for this study. This tool was developed under the supervision
of Heather Hill, Deborah Lowenberg Ball, Stephen Schilling (2004) at The University of
Michigan.
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Mathematical Knowledge for Teaching (MKT)- - “mathematical knowledge that teachers need to
carry out their work as teachers of mathematics” (Ball, et al., 2008, p. 4).
This includes subject matter knowledge (common, specialized and horizon knowledge of
mathematics) and pedagogical content knowledge (knowledge of curriculum, content and
students, and content and teaching).
Tier 1 - The scientifically-based instruction provided to all students by a qualified professional.
Within this tier, students are periodically screened for baseline and “at-risk” purposes and
are provided with differentiation and supplemental instruction as needed
(http://www.rtinetwork.org).
Tier 2 - An increased level of instruction with varying levels of intensiveness and frequency
based on students’ rate of progress. This instruction is provided in addition to the
scientifically-based instruction described in Tier 1. These interventions are provided in
small group settings (http://www.rtinetwork.org).
Tier 3 - Individualized, intensive intervention instruction that targets students’ individual content
or skill deficits. This intervention is more intense and often provided with more
frequency than a Tier 2 intervention and is provided in addition to Tier 1 instruction
(http://www.rtinetwork.org).
Summary
This chapter included the background of the problem, a statement of the problem, and the
purpose of the study, all necessary elements to provide a context and to explain the purpose of
the study. Also, this chapter provided the research questions, significance of the study,
limitations and delimitations of the study and a definition of key terms. Each of these
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components combined offer an introduction to the research study and provide necessary
information to understand the research study undertaken.
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CHAPTER II: REVIEW OF THE LITERATURE
Introduction
This study explores teachers’ understanding of place value and their knowledge of
struggling K-2 mathematics students’ reasoning about place value concepts within a RtI
framework. It begins with the literature on theories of how students learn and reason with place
value concepts. The section continues with teachers’ knowledge of place value then considers
literature on RtI, and provides a review of other similar studies conducted on teachers’
knowledge for teaching RtI and the methods that were used to carry out these studies. The final
section looks at the role of the K-2 mathematics interventionist and highlights the importance of
the interventionists’ pedagogical content knowledge of mathematics. The thread tying each of
these sections together is the emphasis on the content (place value) and instructional strategies
that are appropriate for effectively working with students who struggle with mathematics in
grades K-2. The theoretical and educational frameworks on which the study is built are
explained and embedded within the review of literature. The theoretical framework explores the
concept of Pedagogical Content Knowledge (PCK) and provides a model for considering teacher
knowledge of the content and knowledge of student understanding. The educational framework
explores students’ reasoning about place value and the levels students traverse in their
understanding of this content.
Review of Literature
The Role of Place Value in Early Math Acquisition
Elements of place value understanding and number development have been addressed
through the following theories about how children count. Steffe, von Glasersfeld, Richards &
Cobb (1983) asserted that children can be classified as being counters of a particular type based

11

on the most sophisticated counting type they demonstrate. These counting types include:
perceptual, figural, motor, verbal, and abstract. The first four types require a child to use a
sensory-motor action such as moving counters or require a child to create a physical
representation in order to give meaning to number words. According to Steffe, et al. (1983)
children progress through each of the first four counting types and must internalize their actions
before they can demonstrate abstract counting. They hypothesize that only after a child
transitions to the abstract counting type can numbers or number words begin to be considered
conceptually and exist independently from the previous sensory-motor action or physical
representation.
As children manipulate numbers and understand the relationship between the written
numeral, the number word and the spoken numeral, they require a system to organize their
thinking and working with numbers (Sharma, 1993). Cobb and Wheatley (1988) studied how
children began to form a conception of and construct meanings for ten. They applied the theory
asserted by Steffe, et al. (1983) and discovered that children constructed meanings for ten that
did not correspond with the counting types identified by these researchers. Instead, Cobb and
Wheatley (1988) determined that children operated in one of two contexts: “(a) pragmatic,
relational problem-solving and (b) academic, codified school arithmetic” (p. 1). They explained
that when children demonstrated school arithmetic, ten was not related to one; ten was not made
up of ones and ten could not be decomposed into ones. These researchers pointed out a distinct
difference in their participants and those who participated in the research of Steffe, et al. (1983)
who received two years of intense teaching involving reflection and opportunities to reorganize
their thinking about problem-solving situations. Cobb and Wheatley selected participants who
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received what they refer to as “typical textbook instruction in which rules were taught for
assigning value to digits based on their position (e.g., ones place, tens place)” (p. 1-2).
Steffe, Cobb and von Glasersfeld (1988) examined more deeply the abstract counting
type and identified three increasingly sophisticated concepts of ten children develop when they
reach this level. These concepts of ten include: ten as a numerical composite, ten as an abstract
composite unit, and ten as an iterable unit. Children who understand ten as a numerical
composite, do not recognize ten as a unit but see it as ten ones or as ten but do not see it as being
both. Children who understand ten as an abstract composite unit rely on physical representations
of ten to construct units of ten. When they count using tens, they are simply counting the
number of physical objects representing a ten unit. Children who understand ten as an iterable
unit are able to count by ones and tens without using physical representations. They are able to
count by increments and decrements of ten mid-decade and recognize that their counting is ten
more or ten less than the previous number. Cobb and Wheatley (1988) applied this principle and
noted that in their study, understanding ten as an iterable unit was a requirement before children
understood the positional principle and place value of the number system.
A study comparing the development of place value concepts of American students and
Asian students yielded several notable findings for why Asian students had a better
understanding of place value (Yang & Cobb, 1995). First, the counting strategies American
mothers used with their children rarely included interpreting numbers in the teens as composites
of ten and ones. The study also revealed that emphasis in American schools was focused on oneto-one correspondence and counting by ones up to twenty as initial learning activities.
Additionally, it was noted that grouping by tens was taught immediately prior to the introduction
of addition and subtraction of two digit numbers appearing to be introduced only to facilitate the
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procedural steps involved in two-digit addition and subtraction and disconnected to previous
counting principles. Conversely, Chinese parents and teachers reported that early counting
strategies for numbers less than ten was based on one-to-one correspondence and oral counting.
This study noted that Chinese-based number word systems were more consistent with number
meaning and place value than American-based number word systems. Chinese children were
encouraged to form groups or collections of ten initially when working with teens. Chinese
mothers reinforced the concept of teens as ten and some ones when interacting with their
children. Instructional strategies noted in Chinese schools where students were adding numbers
where the sum was greater than ten involved students making ten and adding the remainder.
Learning activities at home and at school for the Chinese students studied revealed that Chinese
children had greater opportunities to construct numerical relationships with ten and did not treat
place value as a separate, distinct topic.
Fuson and Briars (1990) developed a base-ten blocks teaching approach for use with first
and second grade students on place value concepts of multi-digit addition and subtraction. They
asserted that the English spoken system of number words is a “named-value system for the
values of hundred, thousand, and higher” (p. 180) in which the number is stated followed by the
value of that number. They offer an example to clarify: “five thousand seven hundred twelve,
the “thousand” names the value of the “five” to clarify that it is not five ones (=five) but is five
thousand” (p. 180). The researchers noted that the written system for numbers is a positional
base-ten system in which each place or position of a written number represents a different value
as designated by that relative position. In order to construct meaning of multi-digit numbers, the
authors state that children must develop named-value and positional base-ten conceptual
structures by recognizing these two different structures are used to represent the same value. The
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authors continue by stating that a lack of support for students to develop these conceptual
structures often results in students learning multi-digit addition and subtraction as a sequence of
steps or procedures to follow, relating little or no meaning to the value of the numbers they are
adding or subtracting.
In a later study, Fuson, et al. (1997) highlighted the challenges students face with initial
understanding of two-digit numbers due to the irregularities with the English spoken words for
these numbers, particularly when compared to three-digit and larger numbers. The researchers
discussed the word structure and written representation of eleven and twelve which seem to offer
no hint as to the value of the numbers. Additionally, the authors reported that students’ lack of
understanding of two-digit numbers may result in them adding or subtracting two-digit numbers
by operating on the digits as concatenated single digits, adding or subtracting the columns of
numbers as if they were single digits. In this study, the researchers considered the conceptual
frameworks students developed as they added and subtracted multi-digit numbers, specifically
four- and five-digit numbers. The challenges noted when students initially encountered
operations with two-digit numbers, had less impact when working with four-digit numbers and
students were able to generalize their understanding back to two-digit addition and subtraction.
According to the researchers, the regularity of the number structure of the hundreds and
thousands allowed students to somehow view the tens with more regularity as they applied the
same concepts to each place value representation.
Carpenter and Moser (1984) considered how students make sense of simple addition and
subtraction problems by focusing on problem types: join, separate, combine (addition), combine
(subtraction), and join missing addend. They reported that in order to solve these problem types,
children used a combination of modeling and counting strategies. The modeling strategies
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involved students using physical objects or counting on their fingers to represent numbers in the
word problems presented. The counting strategies included students counting on from the first
number (for addition and subtraction) and counting on from the larger number. The other
observed strategy students used to solve the math problems was number fact strategies or recall
of number facts.
In a study looking specifically at how learning disabled students acquire place value
concepts through different instructional approaches, Peterson, Mercer, Tregash & O'Shea (1987)
found that students learn and retain initial place value concepts better when taught using a
concrete, semi-concrete to abstract instructional sequence model. Students who were taught
using only an abstract instructional approach did not acquire or retain place value skills at the
same level. These researchers affirmed that utilizing concrete manipulatives first, then moving
to pictorial representations of place value concepts prior to presenting students with abstract
mathematical problems positively affects acquisition and retention of place value concepts.
In American schools, elementary students are taught to understand and represent place
value concepts through the use of proportional and non-proportional models (Reys, Lindquist,
Lambdin, & Smith, 2015). Proportional models utilize materials that are ten times the size of the
material used to represent one and each subsequent place value is ten times the previous place.
Non-proportional models do not have this quality but are used in daily activities including
money, counters and beads. According to Van De Walle, Karp and Bay-Williams (2016), nonproportional models should not be used when introducing place value and should be reserved for
use with students who have a better understanding of the base-ten numeration system.
Multiple models exist about how students learn and understand place value, however,
each model is similar with specific levels of place value understanding. One model by Ross
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(1989) describes student understanding of two-digit numerals as students consider written
numbers and groups of objects representing the number. In stage one, whole numeral, students
recognize the two-digit number as representing the whole of the group of objects but do not
assign a value to the number. Students in stage two, positional property, recognize that the
numeral on the right is in the ones place and the numeral on the left is in the tens place but there
is no recognition of the value of the digits together nor is there a connection of the numeral that
represents the group of objects. Students in stage three, face value, verbally label the numeral in
the tens place as being tens, however, there is no understanding that it represents that many
groups of tens. In stage four, construction zone, students recognize that the left numeral
represents sets of ten objects and the right numeral represents what is left. Stage five,
understanding, is characterized by the students’ ability to represent the two-digit number as tens
and ones, labeling the groups of ten with the number in the tens place and labeling the individual
objects with the number in the ones place.
Levels of Sophistication in Student Reasoning: Place Value
John Battista’s (2012) Levels of Sophistication in Student Reasoning: Place Value offers
a description for students’ reasoning across multiple place value levels (level 0 – level 6) within
his framework of cognition-based assessment for place value (Table 1). While these major
levels provide an overview of students’ reasoning, a deeper, more detailed view of these levels is
necessary for teachers to be able to identify student misconceptions and to maximize learning of
place value concepts. Battista (2012) offers sublevels that compartmentalize place value
concepts into manageable chunks that can be mastered in a relatively short amount of time.
The levels are grouped in levels 0 through 3 which provides a framework for how
students’ reason with place value concepts of individual numbers while levels 4 through 6 are
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grouped to provide a framework for how students’ reason with place value concepts in traditional
computational algorithms. As a point of clarification, level 0 and level 6 do not have sublevels,
however, all other levels have multiple sublevels. Each sublevel provides a description of
students’ incremental reasoning of place value concepts and mastery at each sublevel is a
prerequisite for movement to the next level with understanding.
Table 1. Place Value Levels
Place-Value Levels
Level 0

Student has difficulties counting by ones.

Level 1

Student operates on numbers as collections of ones (no skip-counting
by place value).

Level 2

Student operates on numbers by skip-counting by place value (e.g.,
counts by tens).

Level 3

Student operates on numbers by combining and separating place value
parts (e.g., adds tens parts without counting).

Level 4

Student understands place value in expanded algorithms.

Level 5

Student understands place value in traditional algorithms.

Level 6

Student generalizes place value understanding to larger numbers,
numbers less than 1, and exponential notation.

At level 0, a student has difficulty counting by ones and often counts sets of objects
inaccurately by omitting objects or counting objects multiple times. At level 1, students think of
numbers as collections of ‘ones’ and do not think of numbers as having place value beyond
‘ones’. Level 1 has three sub-levels (1.1, 1.2 and 1.3) and students at sub-level 1.1 are
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unable to consider groups of ‘tens’ and therefore are unable to make sense of computational
algorithms. Students at sub-level 1.2 can group objects by ‘tens’ but when counting the total
number of objects, they count by ‘ones’. At sub-level 1.3, students operate on ‘ones’ and ‘tens’
separately, however, they do not understand the relationship between the two (i.e. students do not
understand that ten ‘ones’ is equal to one ‘ten’). Students at this sub-level may be able to
correctly represent a number with base-ten manipulatives, however, they do so with only rote
understanding.
Students at level 2 are able to skip count using place value and can count by ‘ones’ and
by ‘tens’ and understand that each ‘ten’ is a collection of ten ‘ones’. Level 2 has two sub-levels
(2.1 and 2.2) and at sub-level 2.1, students are able to skip count by ‘tens’ only by starting with a
multiple of ten. At this sub-level, students can add and subtract 2-digit numbers, however,
operate on the ‘tens’ and ‘ones’ independently of each other. At sub-level 2.2, students can
count by ‘tens’ starting in mid-decades, demonstrating their understanding and ability to
maintain the relationship between ‘tens’ and ‘ones’ throughout their counting series. Students at
level 3 can operate on numbers through successful application of their understanding of place
value parts. They are able to compose and decompose numbers into ‘hundreds’, ‘tens’ and
‘ones’ correctly.
Level 3 has three sub-levels (3.1, 3.2 and 3.3) and at sub-level 3.1, students can use
multiples of ‘tens”’ language when composing and decomposing 2-digit numbers into ‘tens’ and
‘ones’ (e.g. - 2 ‘tens’ is translated into ‘twenty’). At sub-level 3.2, students can use ‘tens’
language when operating on numbers (e.g. – 2 ‘tens’ plus 5 ‘tens’ is equal to 7 ‘tens’). At sublevel 3.3, students begin integrating previous sub-levels (2.1, 2.2, 3.1 and 3.2) and can shift
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among sub-levels easily and with understanding of the relationship of ‘ones’ to ‘tens’ to
‘hundreds’.
Students at level 4 apply their understanding of place value of individual numbers to
make sense of expanded computational algorithms. At level 4.1, students demonstrate
understanding of place value for expanded addition and subtraction algorithms by decomposing
numbers into ‘ones’, ‘tens’ and ‘hundreds’ and operate on those parts independently. Students
may operate on the decomposed number in any order (i.e. – ‘hundreds’ before ‘ones’, etc.) and
are not restricted to a specific order. Students at level 4.2 apply their understanding of place
value concepts of individual numbers to expanded multiplication and division algorithms. For
students to reason proficiently with multiplication and division expanded algorithms, they must
be able to multiply multiples of 10 mentally. Students at level 5 apply their understanding of
place value of individual numbers to reason with place value in traditional algorithms. They
understand place value parts of three digit numbers and can move flexibly between different
place value parts of multiple numbers as necessary to regroup with ‘carrying’ or ‘borrowing’
performed in standard algorithms. Students demonstrate their understanding through use of
correct mathematical language and through explicit demonstration of the steps utilized in
performing the algorithm.
Students at level 5.1 demonstrate their understanding of place value concepts of
individual numbers and of expanded addition and subtraction algorithms to reason with
traditional addition and subtraction algorithms. Students at level 5.2 demonstrate their
understanding of place value concepts of individual numbers and of expanded addition and
subtraction algorithms to reason with traditional multiplication and division algorithms.
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At level 6, students can generalize their understanding of place value concepts described
in levels 0 through 5 and apply this understanding to larger numbers beyond ‘hundreds’,
numbers less than 1 and exponential notation. Students understand the relationship between
adjacent place values for all numbers (e.g. - each is a multiple of 10, moving 1 place to the right
or left) and this recognition allows for the understanding of exponents used in representing a
number with exponential notation.
Teachers’ Knowledge of Place Value
Teachers’ knowledge of mathematics is germane to their ability to use appropriate
instructional materials, to evaluate students’ performance and to make informed decisions about
how to sequence and emphasize specific mathematics concepts (Ball, et al., 2005). Specific
research on teachers’ content knowledge of place value is limited, however, there is some early
research on teachers’ mathematical content knowledge. In a report for the National Center for
Research on Teacher Education, Ball (1988) noted that researchers were previously unable to
link teachers’ mathematics content knowledge with classroom instruction. This early research
on teacher content knowledge resulted in a simplistic list of characteristics or qualities of
teachers others’ deemed effective (Medley, 1979). Research on teacher content knowledge later
evolved to consider how teachers understand mathematical concepts and procedures (Ball &
McDiarmid, 1989). Research on teachers’ pedagogical content knowledge emerged from
Shulman’s (1987) work on teachers’ knowledge and teaching which spurred research on
teachers’ mathematical pedagogical content knowledge (Ball & Bass, 2003; Ball, et al., 2008;
Hill, Ball & Schilling, 2008).
A study that considered teacher content knowledge of place value utilizing the Learning
Mathematics for Teaching (2006), Elementary Place Value Content Knowledge assessment
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compared pre- and post-tests to determine teacher pedagogical content knowledge (Kulhanek,
2013). The focus of this mixed methods study was to determine whether professional
development of place value instruction would increase teacher PCK of place value. The
researcher utilized only the portion of the assessment that addressed second-grade place value
skills and found that pre-test results yielded passing rates ranging from 25% to 62.5%, however,
after 12 hours of professional development, the passing rates on the post-test increased and
ranged from 50% to 100%.
Another study that employed the use of the Learning Mathematics for Teaching (2006)
considered the relationship between math intervention teachers’ pedagogical content knowledge
(PCK) and their students’ gains in a math intervention setting (Waller, 2012). This quantitative
study compared mathematics intervention teachers’ years of experience, hours of professional
development training, student contact hours, and the teachers’ scores on the Learning
Mathematics for Teaching (LMT) (2006). This version of the LMT assessed teachers’
knowledge of mathematics across multiple mathematics domains with place value being part of
one of the domains. The findings revealed a positive correlation between student’s achievement
gains on a standardized mathematics assessment and the number of contact hours of mathematics
instruction provided by the mathematics interventionist. Additional findings indicated an
increase in mathematics interventionist’s MKT scores following professional development that
spanned one school year.
Another study utilized error analysis of coded data to consider pre-service elementary
school teachers’ pedagogical content knowledge of mathematics of whole number and
operations, place value and fractions (Matthews & Ding, 2011). The findings suggested that
even after specific college course-work on these concepts, many pre-service teachers continue to
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exhibit difficulties with these concepts. Data analysis was discussed in terms of “robust
categories”, however, exact percentages were not reported due to overlap of categories.
A study by Cady, Hopkins and Price (2014) employed a qualitative methodology to
attempt to impact early childhood teachers’ understanding of the complexities of place value.
The researchers analyzed observations of students’ work with manipulatives, written teacher
reflections of lessons and oral arguments within class discussions. This qualitative study
considered the responses of pre-service and in-service teachers who attended a two-day
workshop on place value learning. The researchers created a base-five number system using
symbols instead of numerals to allow the teacher participants to experience learning place value
with a different place value system. They hypothesized that these teachers would make
connections in their learning to their own students’ learning of place value of the base-ten
number system and would develop a deeper understanding for how students learn place value.
The researchers concluded they met the requirements of their hypothesis.
Fuller (1996) compared novice (pre-service) and experienced (in-service) elementary
teachers’ pedagogical content knowledge of whole numbers (including place value) and
operations, fractions and geometry. Data was collected via a survey in which each teacher
evaluated a series of mathematical tasks students completed. The teachers were asked to explain
their understanding of student thinking and identify the instructional strategies they would use
with each student. The results of this qualitative study revealed that more than half of the novice
teachers responded with procedural instructional strategies while approximately three-fourths of
the experienced teachers responded with instructional strategies that included some evidence of
greater conceptual understanding, particularly of whole number operations.
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Response to Intervention History
Response to Intervention (RtI) was introduced initially as an approach for educators to
support students who struggle in reading. The knowledge gained from supporting students in
reading was applied to mathematics content and what follows is the journey of how RtI became
an effective approach for working with struggling math learners. Beginning work in RtI dates to
the 1960’s with the initial focus on reading, however, it did not gain much traction until the
reauthorization of the Individuals with Disabilities Education Act (IDEA, 2004). Other seminal
work in RtI includes the research of Bergan (1977) and Deno and Mirkin (1977) focusing on
behavior and reading respectively that included an intervention plan and the use of progress
monitoring. Researchers began considering how what was learned from using an RtI model with
students who had behavioral concerns and reading difficulties could be applied to mathematics.
The work of Fuchs et al. (2005) at Vanderbilt University provided the groundbreaking
research on RtI in mathematics, focusing on small group tutoring for students identified as at-risk
for mathematics difficulties. These researchers applied strategies already identified for reading
RtI to mathematics content utilizing a three-tiered approach. According to The National Center
on Response to Intervention (2010), this approach includes Tier 1 defined as high-quality core
instruction. Tier 2 also includes high-quality core instruction but is coupled with small group
intervention lessons. Tier 3 also includes high-quality core instruction but is paired with
intensive, individualized instruction.
The field of mathematics intervention has benefitted immensely through consideration
and application of research in reading intervention according to Bryant et al. (2008). Lembke,
Hampton and Beyers (2012) presented a list of reading principles from reading researchers
Roccomini and Witzel (as cited in Lembke, et al., 2012) that they suggested could apply to
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mathematics. These principles included: a belief that all students can learn; use of a universal
screener; progress monitoring of student performance; and use of research-based instruction and
interventions.
In an effort to effectively address students with mathematics difficulties, Lembke and
Foegen (2009) emphasized early intervention for mathematics as a necessary component of
successful mathematics development for students with mathematics difficulties. The broad topic
of number concepts, namely number sense (of which place value is a component), was identified
as a critical area for students to become successfully proficient in mathematics. Successive
research efforts by Jordan, et al. (2009), Bryant et al. (2011), Gersten et al. (2012) and other
leaders in the field of mathematics intervention have provided great insight into the screening of
students for intervention as well as appropriate mathematics content and instructional strategies
to be utilized in effective intervention. The content identified for screening, number sense and
its component parts, became the basis for content taught in RtI mathematics instruction.
RtI Mathematics Content
The research on early mathematics intervention has narrowed in on a focus of number
sense, defined as “moving from the initial development of basic counting techniques to more
sophisticated understanding of the size of numbers, number relationships, patterns, operations,
and place value” (National Council of Teachers of Mathematics, 2000, p. 79). The National
Council of Teachers of Mathematics (NCTM) identified key elements of number sense to be
counting, number knowledge, number transformation, and estimation.
To determine students’ current mathematics ability level, Lembke and Foegen (2009)
reviewed multiple assessments that could be used as screeners to identify students in need of
intervention. After considering the body of research on mathematics intervention content and
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screening, the researchers narrowed their focus to four early numeracy skills or indicators:
“quantity discrimination, quantity array, missing number, and number identification” (Lembke &
Foegen, 2009, p. 14). These researchers defined quantity discrimination as the ability to
compare two numbers and determine which was the larger number. Quantity array was defined
as the ability to correctly identify the number represented by a set of dots arranged in arrays.
Missing number was defined as the ability to correctly identify a missing number in a series of
numbers represented in a pattern. Number identification was defined by the ability to correctly
identify a number when presented with the number in numeral form. This research focused
specifically and discriminatingly on identifying indicators of early numeracy that when
monitored and assessed repeatedly over time, would provide valid and reliable information
regarding improving low-achieving students’ mathematics performance. Jordan et al. (2009)
reported that number sense had a significant and positive impact on variances in student
academic performance in first and third grades. Bryant et al. (2011) studied the effects of a
numeracy intervention with a group of first grade students who exhibited mathematics
difficulties. The screening instrument assessed magnitude comparison, number sequences, place
value and addition/subtraction combinations. The research findings indicated an overwhelming
sample of students who received tier 2 small group intervention instruction responded more
favorably on an early numeracy evaluation than the control group who did not receive this
intervention. Gersten et al. (2012) reviewed the current screening tools available for early
primary grades in mathematics and noted the consistency across screening measures of focusing
specifically on number sense and the component parts of number sense.

26

RtI Instructional Approach
Having identified the content to be addressed in a mathematics RtI lesson, it is necessary
to consider the pedagogy associated with effective instruction in RtI. Examples of effective
instructional approaches include small group instruction, individual feedback during lesson, and
direct or explicit instruction of skill. In fact, Zheng, Flynn and Swanson (2012), emphasized that
direct and explicit instruction combined was a critical instructional component associated with
strong positive results. They pointed out that their synthesis of effective instructional strategies
for students with learning disabilities was consistent with other researchers’ syntheses of
effective instructional strategies in that explicit instruction was a highly effective strategy. As
reported by Bryant et al. (2008a), systematic, explicit instruction was especially beneficial and
necessary for effectively addressing the needs of struggling mathematics learners. Gersten et al.
(2009) in their publication, Assisting Students Struggling with Mathematics: Response to
Intervention (RtI) for Elementary and Middle Schools (NCEE 2009-4060), identified and
evaluated eight recommendations to assist teachers, principals and school leaders in addressing
the needs of struggling mathematics students through a Response to Intervention model. The top
three recommendations and their corresponding level of evidence from research are: 1) Screen
all students for potential mathematics difficulties; 2) Focus intervention on whole numbers,
grades K-5 and rational numbers, grades 4-8; 3) Use systematic, explicit instruction.
Considering the research presented within this literature review, a model for framing and
understanding K-2 elementary school mathematics teachers’ mathematical knowledge for
teaching of place value concepts in intervention lessons was identified. Teachers’ responses to
student work samples of place value concepts during the face-to-face interviews were compared
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with the model of Mathematical Knowledge for Teaching (MKT) proposed by Ball, et al. (2008)
(Figure 1).
Subject
Matter
Knowledge
Common
Content
Knowledge
(CCK)

Pedagogical
Content
Knowledge
Knowledge of
Content and
Teaching
(KCT)

Specialized
Content
Knowledge
(SCK)

Horizon
Knowledge
(HCK)

Knowledge of
Content and
Students
(KCS)

Knowledge
of Content
and
Curriculum
(KCC)

Figure 1. Mathematical Knowledge for Teaching (MKT) “egg” model.

Much research has been conducted by Ball and colleagues considering and studying the
mathematical knowledge teachers need for teaching (Ball & Bass, 2003; Hill, Rowan & Ball,
2005). This model has evolved from an original teacher practice-based theory of MKT (Ball &
Hill, 2003) to now include “the mathematical knowledge needed to carry out the work of
teaching mathematics” (Ball, et al., 2008). An adapted version of the “egg” model defining each
component part of MKT has been offered by Bair and Rich (2011) and provides a clear
description of each part.
The “egg” model suggests that there are two larger halves of MKT made up of Subject
Matter Knowledge and Pedagogical Content Knowledge. Subject Matter Knowledge includes
Common Content Knowledge (CCK), Horizon Knowledge (HCK) and Specialized Content
Knowledge (SCK). Pedagogical Content Knowledge includes Knowledge of Content and
Teaching (KCT), Knowledge of Content and Students (KCS) and Knowledge of Content and
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Curriculum (KCC). The specific component parts that will guide this study include both
Specialized Content Knowledge (SCK) and Knowledge of Content and Students (KCS),
considering teachers’ knowledge of place value and teachers’ knowledge of student thinking
about place value. Hill, et al. (2005) note that PCK provides a foundation for how teachers
identify and create the mathematical tasks they use, how they explain these tasks and facilitate
productive classroom discourse. They stress this includes teachers’ understanding of both how
students respond and how teachers check for student understanding of the task coupled with how
teachers quickly analyze student misconceptions and provide meaningful feedback. According
to Bair and Rich (2011), SCK includes the ability of the teacher to explain or “unpack” the
mathematics in a manner that supports students’ understanding of the content and be able to
respond to students’ questions about mathematics productively. They further define KCS as
teachers’ ability to understand students’ thinking about mathematics and the ability to relate that
understanding to clear, correct mathematical thinking. The other components of the “egg” model
included CCK, defined as basic mathematical knowledge an adult would hold if they were
mathematically literate. The understanding of how mathematics topics are related across grade
level spans is how they define HCK. The interaction between the mathematical content a teacher
possesses and their knowledge of pedagogical matters that might impact student learning or
understanding is KCT. Teachers’ knowledge of how the mathematical content is related to the
tools (e.g. textbook, manipulatives, teacher guides, etc.) used in mathematics teaching is KCC
(Bair & Rich, 2011).
The Mathematics Interventionist
To better understand the issues impacting student understanding of mathematics in a RtI
lesson, it is important to consider the role the mathematics interventionist. Research has
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identified both the content (place value which is a component of number sense) and the
instructional strategy to be utilized within a RtI mathematics lesson (systematic, explicit
instruction) but not much is known about the role of the mathematics interventionist. While
intervention lessons and resources have been developed to help teachers and mathematics
interventionists make better decisions regarding how to effectively support struggling
mathematics learners, there is an apparent absence in the literature regarding the skill set of the
person providing the mathematics intervention. It is true that frequently the classroom teacher
serves as the mathematics interventionist, however, the content and instructional strategies for
intervention as reported in this paper comprise a completely different skill set than the skill set
for the mathematics classroom teacher.
In a report by the National Joint Committee on Learning Disabilities (2005), the
importance of the qualifications of the interventionist was discussed in terms of potential
changes in licensure, higher education accreditation, certification, and training. The report stated
“the specialists providing more intensive interventions will be expected to master a variety of
scientific, research-based methods and materials” (p. 7), and indicated this would be a challenge.
When asked whether it would be important to consider the skill set of the mathematics
interventionist, Diane Bryant, a recognized mathematics RtI researcher at The Meadows Center
for Preventing Educational Risk at The University of Texas at Austin, stated “It’s a good point to
focus on the interventionist” (D. Bryant, personal communication, November 9, 2015). Also,
when posed the same question, Ben Clarke, a recognized mathematics RtI researcher at The
University of Oregon, replied “I believe as the field advances and understands more about the
nature of interventions, more work will focus on critical variables that interact with intervention
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outcomes. And you've identified a huge one - the content knowledge of the teacher” (B. Clarke,
personal communication, November 9, 2015).
Fuchs, et al., (2012), discussed a next generation RtI in which they proposed the term
“smart RtI” to mimic current technology that is more effective and efficient such as “smart
phones”. They explained that by utilizing researched-based tools and knowledge it is possible to
design “more effective and efficient multi-level prevention” (p. 264) to better meet the needs of
struggling students. They proposed that the person providing the intervention be a specialist and
state that it is not only naïve but also poor policy to expect the generalist to be cross-trained to
meet the demands of their 20 to 28 students in addition to the students who are the more
“difficult to teach children” (p. 270). Fuchs and Fuchs continued by stating that “effective
educators at this level will be instructional experts” (p. 271) who are knowledgeable about the
curricula and about effective instructional strategies appropriate for these students but the
researchers did not elaborate further on the specific skill set of these specialists.
Summary
A thorough search of the current literature reveals much research exists on the content
and instructional strategies effective for use when working with K-2 students who struggle with
mathematics, however, little research exists on the skill set of the teacher who works with these
students. Kahan, Cooper, and Bethea (2003), indicate that strong mathematical content
knowledge (CK) seems to be ‘‘a factor in recognizing and seizing teachable moments’’ (p. 245),
but they stress that this knowledge of the content alone does not provide rich mathematical
experiences for students. They indicate that what is required is pedagogical content knowledge
(PCK), which includes teachers’ understanding of the mathematics content, understanding of
students’ reasoning, and understanding of effective instructional strategies. If teacher
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pedagogical content knowledge is necessary for rich mathematical experiences in the regular
classroom, it would seem this would be essential for working with students in a mathematics
intervention setting. And, if teacher content knowledge or PCK is a critical variable for math
intervention as Clarke (2015) suggested, it would seem that additional research could provide
invaluable data for the field of mathematics intervention. Specifically related to this study, what
teachers know about place value concepts, what they know and understand about how students
reason with place value concepts, and what they know about the instructional strategies that are
effective for an intervention setting begs for additional attention in the research of mathematics
intervention.
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CHAPTER III: METHODOLOGY
Introduction
This chapter includes the research design selected for the study and the rationale for
selecting this design. Additionally, an overview of the study is described and details about the
setting and participants are discussed. Next, the procedures followed in the study are detailed
and the instrumentation tools utilized in creating data are expressed. A description for how the
data was collected is presented, followed by the interview protocol used during the face-to-face
interviews. The next section offers an explanation and discussion for how the data was analyzed.
The final sections in this chapter provide an understanding for how trustworthiness and rigor
were established and maintained in the study, and how potential researcher bias was identified
and managed.
Research Design
This study employed a multiple case study qualitative methodology using face-to-face
interviews to investigate teachers’ understanding of place value and their knowledge of
struggling mathematics students within a RtI framework. A multiple case study was chosen
because the evidence collected from multiple case studies has the potential to make the study
more robust and compelling (Yin, 2009). Also, according to Yin (2009), the logic underlying a
multiple case study should be to either replicate the initial case study or contrast the initial case
study. This study considered teachers who have achieved a range of scores on an online
assessment of their mathematical knowledge for teaching (MKT) of place value and their
understanding of students’ thinking of place value concepts coupled with their instructional
recommendations for these struggling math learners. Each teacher is a separate case in the study,
with the exception of the two teachers with the middle scores, since each represents differing
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ranges of scores on the MKT assessment. The cases were deliberately selected because they
represent contrasting situations and a direct replication was not being sought (Yin, 2009; Eilbert
& Lafronza, 2005; Hanna, 2005). It was supposed by the researcher that the contrasting
situations of score ranges would support the working hypothesis and allow for a start toward
theoretical replication. The intent was to allow for comparison of teacher understanding for how
students learn place value concepts, coupled with the selection of mathematical instructional
strategies they select for use with K-2 students in a mathematics intervention setting. Construct
validity was a great consideration therefore, the construct being studied was defined in terms of
specific concepts (in this case, the theoretical frameworks), and the operational measures that
match the concept are identified within related research findings (Yin, 2009). By comparing the
conditions under which an event occurs (identified in the frameworks) with the conditions under
which the event does not occur, probable results can be anticipated for comparisons of new or
additional cases (Yin, 2009).
The student work samples included in the interview protocol were representative of
students who may struggle with place value concepts at various levels of Battista’s (2012)
framework and were similar to work samples of struggling tier 2 math students. The researcher’s
working hypothesis was that teachers with less knowledge of MKT of place value would respond
with a more limited understanding of student thinking and suggest or recommend limited
instructional strategies than teachers with a higher score. Therefore, this multiple case study
began with the initial case of the K-2 math teacher who achieved the highest score on the
Elementary Place Value Content Knowledge (LMT, 2006) assessment and each subsequent case
was contrasted and compared with this case (high score, middle score, low score). A case study
approach allowed the researcher to discover the teachers’ understanding of the complex construct
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of place value through interviews and an online assessment. It also afforded the researcher the
opportunity to observe the nuances included in the events when the teachers explained or
described their use of a place value component or strategy. This approach provided a richer
picture of what was happening in the classroom from the teachers’ perspective and offered
explanations that might not otherwise emerge from the study (Frechtling, 2010).
Overview of the Study
This study investigated the content knowledge and mathematical knowledge for teaching
(MKT) of place value concepts of K-2 teachers in one south Texas district. The study included
interviews of 4 teachers who received a range of scores on the Elementary Place Value Content
Knowledge (LMT, 2006) assessment tool. This assessment tool was used specifically and
uniquely to identify the teachers to be selected for interviews. However, teacher scores on the
assessment tool were discussed in the study as representing a range of scores and those ranges
were compared with instructional strategies teachers identified in the interview questions.
Teachers were interviewed first, on their understanding of place value and their understanding of
student thinking about place value which corresponds with research question 1. They were also
interviewed on how their mathematical knowledge for teaching (MKT) place value informs the
instructional strategies they identified to support student understanding, specifically with tier 2
students who struggle with these concepts which corresponds with research question 2. Teachers
were asked to explain student thinking and to suggest or recommend instructional strategies for
tier 2 intervention that would support student understanding of these place value concepts. The
work samples in interview questions 3-6 included student work from Battista’s (2012) book on
place value and align to the levels and sub-levels of student reasoning of place value described
and explained earlier. Additionally, teachers were asked to provide artifacts of their work with
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tier 2 students on place value concepts. These artifacts included de-identified student work
samples and teacher instructional tools that exhibit their work with tier 2 math students on place
value concepts. Collecting artifacts that demonstrate the instructional strategies teachers use
with tier 2 mathematics students allowed for triangulation of the interview data with the artifacts
and with the range of scores on the assessment.
The main goal of this study was to discover what K-2 elementary mathematics teachers
know about place value content, what they know about mathematical knowledge for teaching
(MKT) of place value, and consider the nature of the relationship (if any) between the two.
Comparisons were made to the levels in Battista’s (2012) Cognition-Based framework of student
reasoning of place value concepts and to the “egg” model (Ball et al., 2008: Bair & Rich, 2011)
component parts of teacher Specialized Content Knowledge (SCK) and teacher Knowledge of
Content and Student (KCS). The four participants were selected based on their score on an
online assessment of mathematical knowledge for teaching. One participant was selected
because she achieved a perfect score on the assessment and another participant was selected
because she achieved the lowest score on the assessment. All other participants’ scores hovered
around the mean so two of these were selected for interviews. Initially, in the IRB protocol, up
to six participants were suggested for the study but since eight scores were clustered around the
mean score, it was determined that two of these participants would be a representative sample of
this group.
Setting and Participants
The population for the study consisted of four K-2 mathematics teachers who teach tier 2
mathematics intervention within a school district in south Texas. All teachers selected for this
study worked in an elementary school where an established mathematics intervention (RtI)
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program was in place. All of the teachers selected for this study were female, white, and have
teaching experience ranging from 10 years to 31 years. All of the teachers’ classroom
experience has been in grades K, 1, or 2 their entire teaching careers. One of the teacher’s
experience in education included serving as a math educator for five years and as a curriculum
director for five years for a math museum. Three of the teachers hold a master’s degree and one
holds a bachelor’s degree. None of the teachers claimed to have had recent (within the past year)
professional development on place value concepts. A more detailed description of each
participant is included in chapter 4.
Procedures
Upon IRB approval, the researcher initiated contact with the superintendent and the
math/science curriculum coordinator for a local South Texas school district. Following approval
from these district officials, the researcher contacted the elementary principals of the two schools
for the study. Dates were scheduled to meet with K-2 teachers in after school meetings to
discuss the research study and explain voluntary participant roles. A separate meeting was
scheduled at each school to accommodate teachers and to allow for a more personalized
explanation of the study. Following these meetings, all K-2 elementary teachers received an
email with a link to the online assessment of place value pedagogical content knowledge.
Teachers were given a ten-day window of time to complete the assessment.
Upon completion of the assessment, the researcher scored the assessments and selected 4
teachers (Teachers A, B, C, and D) to participate in the face-to-face interviews. These teachers
achieved scores that exhibit a range of scores from higher to lower on the assessment instrument.
Each teacher was contacted via email to request participation in the interviews. Teachers were
interviewed on their home campus in either their classroom or in a room provided by the school

37

(teacher choice) or another location selected by the teacher. Rapport was established with each
teacher prior to beginning the interview. The interviews were recorded via an electronic
recording device and handwritten transcription. The recorded interviews were transcribed for
analysis. Teachers were asked to provide artifacts that exhibit or relate to their teaching of place
value concepts. The data from the interviews was triangulated with the artifacts and teachers’
score ranges on the online assessment.
Instrumentation
Tools utilized in this study included the online version of the Learning Mathematics for
Teaching (2006) Elementary Place Value Content Knowledge assessment from The University
of Michigan (See Appendix A). This tool assesses teachers’ mathematical knowledge for
teaching of place value. The assessment, in the original form, included 18 question items with
multiple parts which addressed place value concepts taught at grade K through grade 5. Since
this study focused on K-2 place value content knowledge, it was necessary to reduce the
assessment to include only those items taught at these grade levels. This resulted in an
assessment comprised of six questions, each with multiple parts. The modified version of the
assessment was presented to a group of three professors of mathematics who are experts in
mathematics education for review and approval. This assessment was used to identify teachers
for the interview part of this study whose scores represented a range of pedagogical content
knowledge of mathematics (higher or lower).
An interview protocol was developed by this researcher to provide insight into teachers’
knowledge and understanding of place value concepts and the instructional approaches these
teachers would recommend for tier 2 students who struggle with these concepts. The semistructured interviews included questions about teachers’ understanding for how students learn
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place value concepts. Also included in the semi-structured interviews were student work
samples of mathematics problems on place value concepts that included some level of
misunderstanding or breakdown in student thinking, representative of students in tier 2
intervention. Teachers were asked to explain students’ thinking and suggest instructional
approaches to address individual student responses.
Data Collection
Data collection strategies included an online assessment of teacher MKT of place value,
face-to-face semi-structured interviews and collection of teacher artifacts. Teachers were
selected for interviews to include a range of scores on the online assessment so that the level of
pedagogical content knowledge could be considered. Teacher scores on the online assessment
were not disclosed or specified in the study but rather were discussed in general terms (“higher”
or “lower” scores) and to indicate extreme scores, where they existed. Rapport was established
with teachers prior to beginning the interview. Interviews were captured via handwritten notes
and audio recordings that were transcribed. Each interview lasted approximately one hour.
Audio recording was used to maintain accuracy of the data collected. Three of the interviews
were conducted in teacher classrooms at the school and one interview was conducted in the
cafeteria, on the stage behind the curtains, due to the teacher’s classroom being used for district
benchmark testing.
Teachers were asked to provide artifacts that exhibit their work with tier 2 students on
place value concepts. This allowed for data triangulation and should decrease concern for
construct validity of the study by considering multiple measures of the same concept or
phenomenon. Construct validity is established when the following conditions are met: the
construct being studied is defined in terms of specific concepts, and the operational measures
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that match the concept are identified (Yin, 2009). For this study, the construct being studied is
K-2 elementary school teachers’ mathematics pedagogical content knowledge of place value and
the operational measures that match the concept are research studies identified in the literature
review that have similar findings.
Interview Protocol
The interview questions were carefully crafted to consider both the interviewee and the
question content following Michael Patton’s (2002) advice on the development of good
interview questions. Patton (2002) recommends beginning with a problem statement, moving to
the answer, then applying the procedures in the methodology which may in turn reshape or refine
the question. The problem identified by this researcher is that K-2 students continue to struggle
with understanding place value concepts even when provided tier 2 intervention instruction. The
proposed solution by this researcher supposes that increased teacher MKT of place value will
result in changes in tier 2 intervention instructional strategies consistent with increased teacher
pedagogical content knowledge as discussed in the research provided in this study. This study
did not consider student performance but focused only on identifying the teacher MKT of place
value that one group of K-2 math teachers possess for tier 2 instruction. Interview protocol
questions 1 and 2 were designed to answer research question 1 and interview protocol questions
3 through 6 were designed to answer research question 2.
Research Question 1
How do K-2 mathematics teachers describe their understanding of how students learn
place value?
The following interview questions were asked to answer research question 1:
1. How would you describe your understanding of how students begin to learn place value?
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a. How would you describe the progressions students make in their learning of place
value?
b.

How would you describe some of the challenges and struggles students may
encounter in learning place value?

2. What are some of the instructional strategies or tools you use to facilitate students’
learning of place value concepts with students in tier 2 intervention instruction? (Prompt
with the following)
a. What strategies or tools do you use to help students learn to count?
b. What strategies or tools do you use to help students learn to add?
Research Question 2
How does teacher mathematical knowledge for teaching (MKT) place value impact their
instructional decisions with struggling math students in tier 2 intervention?
The following interview questions were asked to answer research question 2:
The student work below represents a range in students’ application of place value
understanding to common algorithms. If this work was from students in your tier 2
intervention group, how would you…
3. Explain your understanding of the students’ thinking below. What evidence would
indicate to you that a student understands place value concepts?
a.

12
+ 15
27

b.

10
+ 23
3
30
33

c.
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17
- 9
7
1
8

4. Considering your understanding of place value concepts, what instructional strategies
would you use to determine whether or not a tier 2 intervention student was relying on
rote memory or if they understood the use of “tens” language?
46 = _____ tens _____ ones.
Students in tier 2 mathematics intervention who struggle with understanding place value
concepts exhibit some of the following challenges in applying place value concepts.
Given student responses to the following problems, what instructional strategies/tools
would you use to support K-2, tier 2 student’s understanding of place value?
5. Jon has 30 checkers. How many stacks of ten checkers can he make?
a. The student is unable to correctly count the 30 checkers.
b. The student correctly counts the 30 checkers but cannot determine that there are 3
stacks of ten.
6. There are 37 squares under the circle. There are also 2 ten-strips of squares and 5 single
squares. How many squares are there altogether?
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a. The student ignores the squares under the circle and counts the 2 ten-strips and single
squares by “ones” to get 25 total squares.
b. The student counts “37, 47, 57, 58, 59, 60, 61, 62” and states “there are 62 total
squares”.
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Data Analysis
The transcripts of all teachers were coded in the first cycle coding utilizing Dedoose
Version 7.0.23 (2016), an online data analysis software. This first cycle coding utilized attribute
coding, which Saldaña (2016) asserts “provides essential participant information and contexts for
analysis and interpretation” (p. 83). He indicates that coded data can be categorized to develop
themes/concepts which in turn may become assertions or theories. The first cycle codes were
applied to all 4 interview transcripts and organized by interview questions. The codes that
emerged from this first cycle coding included teacher professional development, place value
learning, progressions in learning place value, manipulatives and strategies utilized, challenges in
learning place value concepts, learning to count, learning to add or subtract, questions I would
ask, and understanding of student thinking. The data were coded to correspond to each interview
question and were organized by research question.
The second-cycle coding was utilized as a more advanced approach to analyzing and
organizing the data and develop a sense of thematic or categorical organization of the first-cycle
codes. Pattern coding was utilized during this cycle which is a strategy for grouping the data into
smaller themes or concepts. Saldaña (2016) indicates pattern coding is appropriate when a
researcher is laying the groundwork for cross-case analysis, looking for common themes. This
researcher analyzed the data for each participant then provided a cross-case analysis by
comparing participants B, C and D to participant A. Participant A received the highest score on
the place value assessment of teacher PCK of place value concepts. As noted earlier, (Yin,
2009), the logic underlying a multiple case study should be to either replicate the initial case
study or contrast the initial case study. This researcher elected to contrast the initial case study to
test the working hypothesis that teachers with less knowledge of MKT of place value would
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respond with a more limited understanding of student thinking and suggest or recommend
limited instructional strategies than teachers with a higher score. Participants were assigned a
pseudonym for purposes of discussion and to preserve the anonymity of the participants.
Creswell (2013) notes that it is important to mask the identity of participants because the
research results might “unwittingly present a harmful picture of the participants or the site” (p.
60). The first letter of each pseudonym corresponded to the letter of the alphabet presented
above. Participant A was referred to as Anna, B was Beth, C was Carol, and D was Diane.
Pseudonyms were used to maintain confidentiality.
Initially, the analysis of data for all interview questions was to be compared with both the
Levels of Sophistication in Student Reasoning: Place Value (Battista, 2012) and with the
Mathematical Knowledge for Teaching (MKT) model proposed by Ball, et al. (2008) and
expounded upon by Bair and Rich (2011). After the first-cycle coding of data, this researcher
determined that the first two interview questions about teacher knowledge of place value would
be more appropriately compared to Battista’s (2012) levels. The remaining four questions where
participants evaluated student work samples on place value concepts were more appropriately
compared to the Mathematical Knowledge for Teaching (MKT) model by Ball, et al. (2008) and
Bair and Rich (2011).
Trustworthiness and Rigor
The researcher utilized member checks throughout the interview process to allow
teachers to confirm or correct the researcher’s understanding of their responses to the interview
questions. Additionally, the questions asked during the interview were open-ended to allow
teachers to explain their understanding of the student work samples and to identify the
instructional approach they would employ. Informal questions were asked throughout the
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interviews to clarify and relate responses to the research questions of this study. In addition to
member checking during the interviews, this researcher contacted participants via email to
clarify or provide detail to the transcribed interviews. Coding included triangulation of the
interview responses with artifacts and with individual teacher scores on the online assessment of
place value concepts. The data was coded with first cycle and second cycle coding methods
which were peer reviewed with colleagues in math and science education.
Potential Researcher Bias
The researcher was previously employed as the mathematics specialist for RtI in a large
school district and was later promoted to director of the RtI department. Having worked closely
with classroom teachers and having provided professional development to these teachers on
mathematics RtI, I acknowledge a personal bias. However, I did not previously consider teacher
content knowledge of place value concepts and my work was limited to training teachers in
workshop settings and modelling intervention instruction in their classrooms. I did not observe
teachers implementing intervention lessons in my role as RtI mathematics specialist or as
director, and did not have the opportunity to evaluate their mathematical knowledge in any
manner. To manage my personal bias, I did not make use of leading questions during the
interviews and during analysis of data, I focused on the specific quotes provided in the
interviews. Additionally, codes established for coding of first- and second-cycle coding was
peer reviewed by other math and science educators.
Summary
This chapter provided the details for how the study was conducted, how data were
collected and how data were analyzed. First- and Second-Cycle coding was utilized to establish
coherence allowing the identified themes to be woven together during the analyses. Specific
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interview questions were aligned to specific research questions to permit the researcher, when
writing up the analyses, to present to findings of the study in a clear and lucid manner. The data
were triangulated to establish a convincing narrative that supports the researcher’s working
hypothesis.

46

CHAPTER IV: ANALYSIS OF DATA & RESULTS
Introduction
This chapter provides a description of the analyses of the data. This section begins with a
deeper look at the setting and sample then continues with a description of the teachers’
classrooms followed by the presentation of data and a cross-case analysis. Each participant’s
responses were considered with respect to the research questions, Battista’s (2016) framework
for student reasoning about place value, and Ball et al.’s (2008) model for teacher mathematical
knowledge for teaching (MKT). The analyses of data are presented and discussed regarding
teachers’ MKT of place value concepts and how that knowledge may inform the instructional
decisions they make with K-2 students in a mathematics intervention setting.
Setting
The school district selected for this study has two elementary campuses for grades PK-3
and an additional campus for upper elementary grades. The district has had an established
mathematics intervention program in place for the past five years and reported that individual
teachers provided mathematics interventions independently for longer periods beyond the five
years. The school district is on the outskirts of a larger city and boasts an average 87% passing
rate on the grades 3-8 mathematics state exam. Each of the PK-3 campuses have student
enrollments close to 600. The race demographic data for elementary 1 is 65.7% Hispanic and
30.1% White while the race demographic data for elementary 2 is 50.5% Hispanic and 45.5%
White. The total enrollment for the district is approximately 4,000 students.
The interviews took place on 4 successive days at the corresponding elementary
campuses during the week of February 20-24, 2017. Each interview was approximately one hour
in length. Follow up member checking occurred through emails with each participant to allow

47

teachers to respond when it was convenient for them. Three of the interviews were held in the
teachers’ classrooms while one was in the cafeteria, on the stage behind the curtains. The
teachers were given a choice to have the interviews in their rooms or in a conference room
provided by the principal. The one interview which was conducted on the stage occurred on a
day when that teacher’s classroom was being utilized for district benchmark testing. This
teacher selected the stage for her interview although other alternatives were considered.
Sample
The sample was a purposeful sample and included 4 grade K-2 teachers who teach
mathematics intervention to their students. Purposeful sampling allows the researcher to
discover an understanding gained through the specific insight of the selected participants
(Merriam & Tisdell, 2015). Purposeful sampling means that the researcher selects the
participants and the research site because they can “purposefully inform an understanding of the
research problem” (Saldaña, 2016, p. 156). The participants each have a personal story to tell
about their experiences with mathematics intervention students and their understanding of how
students learn place value concepts. These teachers achieved a range of scores from high to low
on the place value assessment they took prior to being selected for the interview phase of the
study. One teacher was selected for achieving the highest score, another was selected for
achieving the lowest score, and the other two were selected because their scores reflected
average or mean scores.
Anna
I arrived at the elementary campus a few minutes prior to the final bell and release of
students for the school day. Only a few minutes after the bell, I was greeted by Anna, a firstgrade teacher, who led me through the maze of the campus to her classroom. Anna has been an
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educator for 18 years which includes 8 years as a classroom teacher, 5 years as a math educator
in a children’s museum and 5 years as the director of curriculum and instruction for that
museum. She has taught first, second and third grades during her 8 years in the classroom. Upon
arrival in Anna’s classroom she welcomed me to her campus took a seat behind a kidney-shaped
table and offered me a seat across the table from her. We spent a few minutes discussing her day
and the school year up to now. Student work samples were displayed on multiple bulletin boards
and Anna invited me to look at some of these work samples at different times during the
interview. As I looked around the classroom, I asked Anna to explain to me the set-up of her
room. She showed me the bins where she kept her math manipulatives (Figure 2) and the
SMART Board she uses for math instruction. Figure 3 below shows a student demonstrating
Anna’s SMART Board.

Figure 2. Anna’s math manipulatives bins. Carl Juenke ©.
Anna’s classroom was arranged so that students could sit on the floor in front of the SMART
Board and interact with her and each other easily. She indicated that she uses this technology in
math instruction frequently and felt lucky to have it in her room.
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Figure 3. Students demonstrating Anna’s SMART board. Carl Juenke ©.
Anna was curious about the research study and asked multiple questions to clarify her
understanding of the interview and her role. I reviewed the consent form with her and answered
her questions and she signed the form (a copy of the form had been provided to her at the initial
teacher meeting when I explained my research study). I assured her that her responses would
remain confidential and only I would have access to those responses but that I might include
some quotes to provide clarity and detail to the description of the study results. Anna was
curious about her results on the online place value assessment that qualified her for the interview
part of my study. I explained that I was hoping to have a range of scores on the assessment so I
might consider whether teachers who possess a greater pedagogical content knowledge of place
value concepts make different, and potentially better and more informed instructional decisions
with K-2 students in intervention lessons. I did not disclose to Anna her actual score, however,
she achieved a perfect score on the assessment and was the only teacher who did so. After
establishing rapport, we began the interview.
Anna indicated that she had not received any professional development on place value
concepts in the past five years. She said that she previously was a math educator for five years
for a children’s museum in a large metropolitan city and received numerous training
opportunities while in that position. That training included a week-long math workshop by a
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nationally recognized math educator, Pre-K math training by a “renowned early-level
mathematics teacher”, and project partnership trainings with universities and school districts.
Anna had the opportunity while serving as a math educator to present her work at state and
national math conferences. She indicated that after five years in the role of math educator, she
was promoted to the director of curriculum and instruction and was able to “oversee all of our
(the children’s museum) outreach programs and curriculum production including literacy, math,
science and STEM (science, technology, engineering and mathematics) curriculum.” She stated
that serving in this role allowed her to see the “big picture” of how the curriculum fit together
between and among the different content areas.
Beth
I arrived at the elementary school where Beth teaches second grade a few minutes before
the final bell so I waited in the school office until students were dismissed for the day. Beth has
taught second grade for all her 10 years in education except for half of one year when she taught
kindergarten. Beth came to the office and greeted me with a firm handshake and we discussed
whether she would like to be interviewed in the conference room or her classroom. She said that
she preferred her classroom so she led me through the hallway to her classroom. Beth’s
classroom was filled with tools to help students learn math concepts including charts for math
centers and a hundreds pocket chart for practicing counting (Figure 4). Desks were arranged in a
horseshoe shape to bring all students closer to the teacher and a computer center was located
across one side of the classroom (Figure 5).
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Figure 4. A hundreds pocket chart in Beth’s classroom. Carl Juenke ©.

Figure 5. Configuration of desks in Beth’s classroom. Carl Juenke ©.
I asked Beth about her day and she stated that it was just another busy school day. We
briefly discussed her students and after establishing rapport I explained the informed consent
form (all teachers were provided a personal copy of this at the initial teacher meeting). I thanked
her for participating in my research and she said she was glad to participate and hoped that what
she had to say would be helpful. I assured her that any response she provided would be helpful
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as I wanted to know what teachers understand about place value concepts. I did not disclose
Beth’s score on the place value assessment she took to qualify her for the study, however, Beth
achieved a score equal to the mean score for all teachers who took the assessment. I explained
that her answers would be confidential and that I would be the only person with access to her
comments. I told her that I might possibly use a few quotes in my analyses of the data to explain
or clarify my analyses but that she would not be identified personally.
Beth discussed her recent professional development and indicated she attended GT
(gifted and talented) training every year and she recalled attending an academy training for
reading and then one for math that was offered by the school district. She said she attended all
math training the district provided but did not recall any training specifically on place value
concepts.
Carol
When I arrived at Carol’s school where she teaches kindergarten, I had to wait in a line of
cars filled with parents who were all waiting to pick up their children. I was finally able to make
it into the parking lot of the school and find an empty parking space. The bell had just rung for
students to be dismissed so I made my way to the school office, maneuvering between lines of
students who were heading to the front door exit. I reached the office and told the staff that I had
an appointment with Carol and an office worker led me through the hallways which were still
teeming with students who were anxiously scurrying to the exits. Carol has taught elementary
grades for 31 years: first grade for 4 years, second grade for 5 years and kindergarten for 22
years. We arrived in Carol’s room and I waited for her to return from escorting her students,
some to their school buses and others to their waiting parents. I took the opportunity to look at
the bulletin boards and math strategies and tools that were posted around the room. In the back
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of the room were cubbies that contained plastic bins full of counters, base-ten blocks, snap cubes,
and an assortment of other math manipulatives (Figure 6). Across the room was a chart for
counting and on the white board was a tool she uses for explaining and practicing place value
skills (Figure 7).

Figure 6. Bin storage for Carol’s math manipulatives. Carl Juenke ©.

Figure 7. Carol’s whiteboard with base-ten examples. Carl Juenke ©.
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Carol entered her room and greeted me with a big smile and I asked her where she would
like to be interviewed. She stated that she preferred her classroom if that was okay with me. I
asked her about her day and how the week was going. She seemed a little winded from escorting
her students out of the building so I wanted to give her time to catch her breath and relax. I
asked her where she wanted us to sit and she directed me to a small student chair at a table near
her desk. Carol sat in her chair beside her desk and we began to discuss the research study. I
thanked her for agreeing to participate in the interview part of my research. She had multiple
questions about how she performed on the test and kept stating “I just don’t know if I am going
to be able to help you much in your research.” I assured her that she achieved a score that was
important to my research and that after looking at her classroom walls and available math
manipulatives I was sure that she would benefit my research. I did not disclose Carol’s score on
the online assessment of place value concepts that all teachers took to qualify for the interview
part of my study, however, she received a score just below the mean score of all teachers. I
explained the informed consent form which she had received at the initial teacher meeting. I told
her that her answers would be confidential with only me having access to her responses. I also
let her know that if it was appropriate and necessary I might use some quotes to substantiate or
clarify my analyses of the data but that she would not be identified personally.
I asked Carol about her recent professional development and she indicated that she had
attended a math academy for PK-2 teachers for a week several years ago and attended GT (gifted
and talented) teacher training each year. She stated that she did not recall receiving any
professional development specifically on place value in the past five years other than what was
discussed in the math academy.
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Diane
I arrived at the elementary school where Diane teaches second grade about 15 minutes
before the final bell. I wanted to arrive earlier than the previous day because I wanted to make
sure I avoided the normal but hectic traffic flow of parents picking up their children. Diane has
taught elementary grades for 13 years: third and fourth grades for one year each, second grade
for 6 years and first grade for 5 years. Only a few minutes after I entered the school office,
Diane walked into the office and greeted me. I thanked her for agreeing to participate in my
research and asked where she would like to be interviewed. She indicated that her classroom
was being used for benchmark testing so we decided to go to the conference room. When we
arrived at the conference room, we discovered that a meeting was being held in that room so
Diane suggested another room that might be vacant. We tried that room but found other teachers
using the room. Diane suggested we use that stage in the cafeteria. I asked if there might be
another room we might use that would be more private but she said the stage would be fine
because we could go behind the closed curtains and we would have privacy. When we arrived in
the cafeteria, it was empty and quiet so we made our way up a few stairs and went behind the
heavy velvet-lined stage curtains and discovered a small table with several chairs where we sat
for the interview.
I asked Diane about her day and her week and she said that it had been very busy. She
asked about the place value assessment she took which qualified her for an interview. She
wanted to know if the interview was going to be a math test, like the place value assessment.
She stated that the assessment was very difficult and she was curious about her score. I did not
disclose Diane’s score from the online place value assessment, however, she achieved the lowest
score on the assessment. I assured her that the interview was not a test like the place value
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assessment and that it was about what she knows about place value concepts and the
instructional decisions she makes when looking at student work samples. She seemed more
comfortable knowing this and she said “Okay, let’s go!” I reminded her that this was a research
study and reviewed the informed consent form with her (all teachers received a personal copy of
this at the teacher meetings I conducted previously). She signed the form and we began the
interview. I assured Diane that her responses would be confidential and I would be the only
person with access to her responses. I told her that if it was necessary to support or explain my
analyses of data that I might use some of her quotes but that I would not identify her personally.
Unfortunately, I was unable to see Diane’s classroom personally, however, she provided pictures
via email of a mathematics station and mathematics instructional tools she uses with her students
(Figure 8 and Figure 9).

Figure 8. Mathematics station in Diane’s room. Carl Juenke ©.
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Figure 9. Example of a math tool in Diane’s classroom. Carl Juenke ©.
I asked Diane about her recent professional development and she said she had attended a
K-2 math academy she thought was presented by the Texas Education Agency TEA) several
years ago. She stated that she couldn’t recall attending any professional development recently or
even within the past 5 years on place value concepts.
Analysis of Data
During the initial coding phase of the data, numerous themes emerged that were too
lengthy and cumbersome to include. There was overlap among the first-cycle coding themes so
it was necessary to not only clarify but to also narrow these themes. This resulted in the data
being coded with a second-phase coding to first, combine and refine the themes so that they
reflected clear comparisons of the data to the student levels of reasoning about place value
(Battista, 2012). This process involved analyzing teacher responses to the different levels of
reasoning about place value concepts (Table 1). As the data were analyzed, it was determined
that it was more appropriate to compare only interview questions one and two to the levels of
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reasoning about place value (Battista, 2012). Where appropriate, direct quotes were provided
from transcripts of teacher interviews to support and substantiate the analysis. Also, when
appropriate, pictures of teacher identified instructional tools or manipulatives were included to
provide the reader with a visual of the tools described. The pictures of the artifacts teachers
provided were included as evidence of teacher claims about their instruction.
Table 1. Place Value Levels
Place-Value Levels: Zoomed Out to Major Levels
Level 0

Student has difficulties counting by ones.

Level 1

Student operates on numbers as collections of ones (no skip-counting
by place value).

Level 2

Student operates on numbers by skip-counting by place value (e.g.,
counts by tens).

Level 3

Student operates on numbers by combining and separating place value
parts (e.g., adds tens parts without counting).

Level 4

Student understands place value in expanded algorithms.

Level 5

Student understands place value in traditional algorithms.

Level 6

Student generalizes place value understanding to larger numbers,
numbers less than 1, and exponential notation.

Secondly, the data for questions three through six were compared to the “egg” model
(Figure 1) of mathematical knowledge for teaching (Ball, et al., 2008; Bair & Rich, 2011).
These specific questions focused on teacher pedagogical knowledge of mathematics while the
first two questions focused on teacher content knowledge of place value. Interviews,
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photographic artifacts, teachers’ range of score on the place value assessment and researcher
observations were utilized to explore teacher understanding of place value concepts.
Additionally, these data were analyzed to determine the tools and instructional strategies teachers
use when working with students who struggle in mathematics. Each case study participant’s
responses were compared to the participant’s responses who achieved the highest score on the
place value assessment. The themes that emerged from the second-cycle coding included: how
students learn place value, challenges struggling students encounter, instructional tools used by
participants, strategies to understand student thinking, and instructional strategies.

Subject
Matter
Knowledge
Common
Content
Knowledge
(CCK)

Pedagogical
Content
Knowledge
Knowledge of
Content and
Teaching
(KCT)

Specialized
Content
Knowledge
(SCK)

Horizon
Knowledge
(HCK)

Knowledge of
Content and
Students
(KCS)

Knowledge
of Content
and
Curriculum
(KCC)

Figure 1. Mathematical Knowledge for Teaching (MKT) “egg” model.

The first two interview questions were designed to elicit responses to answer research
question 1 and the remaining four questions were designed to elicit responses to answer research
question 2. Each research question appears before the analysis of data for each group of
interview questions.
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Research Question 1
How do K-2 mathematics teachers describe their understanding of how students learn
place value?
The following interview questions were asked to answer research question 1:
1. How would you describe your understanding of how students begin to learn place value?
a. How would you describe the progressions students make in their learning of place
value?
b.

How would you describe some of the challenges and struggles students may
encounter in learning place value?

2. What are some of the instructional strategies or tools you use to facilitate students’
learning of place value concepts with students in tier 2 intervention instruction? (Prompt
with the following)
a. What strategies or tools do you use to help students learn to count?
b. What strategies or tools do you use to help students learn to add?
How Students Learn Place Value
Anna
Anna described her understanding of how students learn place value concepts as initially
learning through number songs or chants such as choral recitation of numbers (e.g. 1-10). This
understanding or reasoning about numbers is consistent with Level 0 on Battista’s (2012) levels
of reasoning about place value. Students at this level have difficulty counting by ones. Anna
described this learning as being on a continuum or through a series of progressions, beginning
with these rote counting methods and moving to counting objects such as counters or cereal
pieces. This is a strategy for helping a student progress through Level 1 and move from correctly
counting groups of objects by ones to being able to compose numbers as groups of tens and ones.
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Anna indicated that students explore the written numeral later and begin with small numbers.
Anna’s explanation of how student learn place value was inexplicably connected to the use of
tools and strategies to foster this understanding. She listed specific tools such as “hundreds
charts”, “base-ten blocks” and “number lines” to help students learn about numbers as she
described how students learn place value concepts. These tools can also be used to reinforce
students’ reasoning about place value concepts in Level 1. Anna indicated that she attempts to
make connections between and among these tools for students to reinforce the meaning of a
number. She offered the example “here is a 45, what does the four mean? What does the 5
mean?” and used the hundreds chart to discuss how to find a number that is “ten more than or ten
less than” to reinforce the patterns in numbers. Students who can understand numbers in this
way are beginning to operate at Level 2 because they “understand the connection between
counting by ones…and counting by tens” (Battista, 2012, p. 20).
Anna stated that when students begin to encounter larger numbers they look for patterns
in the digits of the numbers, discovering that the numbers 0 through 9 appear repeatedly, but
appear in different places in a number. She indicated that students recognize when these
numerals appear in different places in a number, they have a different value depending on the
place the number represents (ones place or tens place or hundreds place). Anna described how
students’ understanding of number progresses, recognizing how the numbers look different or
similar with numerals in different digits and how that translates into students’ understanding
what place value the number represents. Students who have developed a strong understanding of
place value and can compose and decompose numbers by their place value parts display place
value understanding consistent with Level 3. “Students at this level decompose numbers into
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their place-value parts – ones, tens, hundreds, and so on. These place value parts are combined
or separated directly, without counting” (Battista, 2012, p. 24).
Beth
Beth, who achieved the mean score on the online place value assessment, described her
understanding of how students learn place value by providing examples for how she teaches
these concepts. She indicated she starts with base-ten blocks and explains the value of each
(which is the ones, tens, hundreds) to students. She reported that when students know and
understand the value of each base-ten piece she shows them how to make equivalent values with
each (10 ones = 1 tens, 10 tens = 1 hundreds). Beth translates this understanding to written
problems and has students use a hundreds-tens-ones (HTO) chart to record their number in the
correct place value location. She commented that when students have learned the standard form
to write a number she has them write the number in expanded form (453 is 4 hundreds, 5 tens, 2
ones). Students who understand place value concepts and “operate on collections of tens using
tens language” (Battista, 2012, p. 30) have achieved level 3 reasoning. When students can add or
subtract numbers in expanded form, they are operating with level 4 reasoning of place value
concepts.
When teaching students counting strategies, Beth said she tries to keep students from
counting with their fingers and uses number lines and dot counting. Beth provided an example
for clarification “five plus three…starting with the largest number five and hitting (the air) six,
seven, eight’ for plus three” which she uses instead of having students count with three fingers.
Beth did not articulate her understanding for how students learn place value concepts as being in
steps or progressions or levels as Anna described.
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Carol
Carol described her understanding about how students learn place value to be “a series of
student milestones”. She stated that students who struggle in mathematics do not understand that
“the number 10 has two separate parts and the one and zero mean something different.” She
pointed out that until students “get the concept of going from 9 to 10 because the 9 only involved
the ones place and now the 10 involves the ones and tens places” they do not really understand
place value. This understanding is consistent with Level 1 student thinking of numbers being
composed only of a collection of ones. Carol stated that students demonstrate an understanding
of place value when they recognize 10 is a “bundle” of 10 ones.
Carol explained that when she is teaching students to count they begin with rote counting
by mimicking or repeating the numbers she calls out. She said she also uses songs to help
students learn and memorize counting numbers. Carol stated that students who struggle with
place value concepts such as counting require her to expand her instruction to include counting
strategies such as using one-to-one correspondence of touching the paper (1 is one touch, 2 is
two touches, etc.). Demonstrating counting skills is necessary for a student to progress to Level
1, with first counting by ones, then tens.
Diane
Diane offered limited responses to all interview questions. She also achieved the lowest
score on the online place value assessment of teacher pedagogical knowledge of place value.
She stated students understand place value concepts beginning with concrete objects such as
base-ten blocks. She said that when students demonstrate an understanding of the difference
between ones and tens they can perform two-digit addition and subtraction problems. Students
who demonstrate an understanding of the relationship between ones and tens operate on Level 2
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Challenges Struggling Students Encounter
Anna
Anna reported that when students who struggle with mathematics begin to count objects
they frequently count the same object multiple times. A strategy Anna employs with these
students is to arrange the objects in a straight line which alleviates the repetitive counting of the
same objects. Students who struggle with counting objects by ones are reasoning at Level 0.
Anna commented that when struggling mathematics students interact with numbers beyond
single digit numbers they often have trouble keeping the numerals in the correct place value
space. She indicated that this is particularly evident when students begin to add or subtract twoor three-digit numbers. Anna noted that struggling students also have difficulty determining how
to write a number they read in a story problem or a number that is spoken to them. She
commented students are unsure which numeral belongs in which place value location and this
results in them having difficulty solving word problems. This challenge is consistent with a
student who is reasoning at Level 1 because they attempt to perform addition or subtraction
operations by operating on the ones and tens separately. Also common with a student reasoning
at Level 1 is solving algorithms accurately but performing the operation rotely, still seeing the
numbers as collections of ones and tens. An additional challenge Anna relayed was that
struggling students frequently overgeneralize mathematics rules, particularly if a teacher teaches
them “a cute rule” which she says “might not be mathematically correct in every situation”.
Other rules Anna pointed out that are confusing to students who struggle with mathematics
included “the bigger number has to go on top when you subtract two numbers.”
Beth
Beth reported challenges in second grade place value learning of students not being able
to move between different forms of a number. She said students understand the expanded form
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of a number but have difficulty knowing what that number looks like in standard form or vice
versa. She noted that the vocabulary or spoken number causes difficulties for her struggling
mathematics students because they don’t readily understand “fifty” is the same as “five tens” or
“50” and will frequently just write “5”. Students who struggle with these concepts operate
somewhere in Level 1 since they do not have a firm grasp of the relationship between tens and
ones.
Beth also reported that another challenge her struggling mathematics students have is not
knowing their addition facts (plus zero, plus one, plus two, plus three). Her goal is for students
in second grade to have these facts committed to memory to alleviate the need for students
counting with their fingers. Beth did not discuss or demonstrate an understanding that students
who struggle with relating “fifty” to “five tens” or “50” have not progressed beyond Level 1 and
need instruction at that level to progress to the next level, according to Battista (2012).
Carol
Carol mentioned that many struggling mathematics students have difficulty arranging a
group of numbers in chronological order. The next challenge she described was understanding
the relationship between ones and tens. Students who struggle with these concepts are operating
at Battista’s (2009) Level 1 and do not consider a two-digit number as being composed of ones
and tens. Additionally, Carol pointed out that students who struggle in mathematics often forget
that when they count and reach 10, each successive number up to 19 only changes in the ones
place. She stated that these students sometimes have difficulty with recognizing and stating the
value of a written numeral.
A challenge Carol noted which was not addressed by other participants was the concept
of regrouping in subtraction problems. Carol stated that students frequently do not understand

66

what happens in the ones or tens places to two-digit numbers when you regroup 10 ones. This
observation by Carol relating to students’ confusion and reasoning with these concepts is
consistent with a student operating at Battista’s (2012) Level 1 since this level involves students’
understanding the relationship between the ones and tens places. Carol, like Anna, was able to
articulate various stages or levels students must progress through and master in order to move on
to understanding more complex place value concepts.
Diane
Diane did not elaborate on specific challenges students face when learning place value
concepts but stated that students have difficulty learning the relationship between the ones and
tens places with two-digit numbers. When asked, Diane responded to every question with very
short answers even when asked to provide more detail, making it difficult to know whether she
possessed more knowledge on her understanding for how students learn place value concepts or
whether she was offering all that she knew about the topic. Because she was prompted multiple
times on each question, this researcher operated on the assumption that Diane conveyed and
exhausted the extent of her knowledge within her brief responses.
Instructional Tools Used by Participants
Anna
A common and frequent tool Anna said she utilizes with students who struggle with math
is base-ten blocks. She claims that with this manipulative (Figure 10) students can “visually see
what a number and quantity look like” stating that larger numbers seem difficult for these
students to understand without a visual representation. She uses “a lot of repetition” to help
students see and recognize patterns in numbers and employs the use of a SMART Board to help
with counting strategies (Figure 11).
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Figure 10. Base-ten blocks instructional tool used by Anna. Carl Juenke ©.

Figure 11. Students demonstrating the SMART board in Anna’s classroom. Carl Juenke ©.
Anna stated that as students begin to see the patterns in numbers with these strategies,
then she can use a number line to help them with recognition of the size of numbers,
understanding larger and smaller numbers, etc. (Figure 12). Anna reported that the number line
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also reinforces the physical arrangement of a number, indicating “moving from 10 to 11 often
baffles students and causes them to falter when counting.” She commented that the number line
allows students to see the order of numbers and helps to “alleviate that mistake” of not knowing
how to progress from 10 to 11.

Figure 12. Number line and hundreds chart Anna uses as instructional tools. Carl Juenke ©.
Another tool that Anna stated she uses with her struggling students is a “little picture
window” which is simply a piece of paper with a small rectangle cut out (Figure 13).
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Figure 13. Example of “picture window” Anna uses to isolate numbers. Carl Juenke ©.
Anna indicated this helps student who are easily distracted or who struggle with identifying
where to focus when solving a mathematics problem. An additional tool Anna reported using
was snap cubes (for numbers less than twenty), to allow students to visually see a number and to
compare with other numbers (Figure 14).

Figure 14. Snap cubes Anna uses to show the size of a number. Carl Juenke ©.
Beth
Beth said she uses base-ten blocks, dot counting, simple counters, number lines, hundreds
charts and student journals as tools to teach and reinforce place value concepts (Figures 15 and
16). She emphasized that children in second grade must know their addition math facts of ‘plus
0’, ‘plus 1’, ‘plus 2’, and ‘plus 3’. Beth indicated that the math journals provide students with an
additional resource for reminding themselves about place value concepts discussed in classroom
math lessons. She stated this frees her up to help other students because she can refer a student
to their personal math journal to find the answers to many of their questions.
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Figure 15. A hundreds pocket chart Beth uses to teach place value concepts. Carl Juenke ©.

Figure 16. Mathematics journal Beth uses to reinforce concepts. Carl Juenke ©.
Carol
Carol provided great detail about the tools and strategies she uses to teach place value
concepts. She described her use of both five-frames and ten-frames to demonstrate the
relationship between a single-digit number and ten. She explained how she emphasizes that an
empty space on the five-frame or ten-frame means that the number is that many less than either 5
or 10, or that they need that many more to equal 5 or 10, respectively. She modeled how she
uses straws as a method for reinforcing place value, telling students that she cannot bundle the
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straws until she has 10. She described her questioning strategies for helping students recognize a
complete or tied bundle of straws is equal to 10 and any loose straws are ones. She places the
straws of single straws as ones and bundles of 10 straws as tens and eventually she reported they
are able to bundle 10 bundles of tens into hundreds. These straws are placed in the correct
pocket within a plastic pocket chart with places labeled “ones”, “tens”, and “hundreds” (Figure
17).

Figure 17. Hundreds, tens and ones pocket chart for teaching place value. Carl Juenke ©.
Carol explained she ties the bundle of 10 straws and then records the exchange between
10 ones and a ten to her whiteboard representation with the numbers recorded on small yellow
circles and the exchange represented with arrows between the tens and ones places (Figure 18).
Carol uses the context of a sports team and explains to students they must have 10 players in to
make a whole team and in order for a group of straws to be bundled or tied together. She
reinforces place value by reminding students that “only tens can play with tens”. Carol indicated
she uses a lot of repetition, particularly with her struggling students.
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Figure 18. Whiteboard representation of place value concepts. Carl Juenke ©.
Other instructional tools Carol mentioned were counters which could be anything from
buttons to bottle caps to commercially made plastic counters. She reported she seizes on every
opportunity to reinforce counting and place value concepts which included lunch count (how
many students brought their lunch versus how many students will buy a lunch) because these
numbers change frequently enough for students to be able to compare smaller numbers. She also
indicated that these smaller numbers make for great simple addition and/or subtraction problems.
An additional strategy Carol reported was the use of skip-counting or counting by multiples of
10 to help students know the order of tens. She indicated this is particularly important and
helpful to her struggling learners who have difficulty knowing the name of the number that
follows 19 or 29 or 39, etc.
Diane
Diane reported that the instructional tools she utilizes for teaching place value concepts
such as counting include base-ten blocks, unit blocks, number lines and ten-frames (Figure 19).
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Figure 19. Tens-frame Diane uses for teaching place value concepts. Carl Juenke ©.
She stated she also uses expanded models and greater than and less than models. Diane
explained that students are first introduced to place value concepts with concrete models or
manipulatives then they progress to a pictorial model or drawing. An additional strategy Diane
mentioned was the use of multiple Styrofoam plates to represent and demonstrate part-whole
relationships for solving simple addition or subtraction problems.
Research Question 2
How does teacher mathematical knowledge for teaching (MKT) place value impact their
instructional decisions with struggling math students in tier 2 intervention?
Teacher responses to questions 3, 4, 5 and 6 during the interviews were about specific
student work samples representative of student misconceptions or struggles with place value
concepts. The teachers were asked to first evaluate the student work and develop a sense of
understanding about the students’ thinking. Teachers were then prompted to provide strategies
they would employ with a struggling math student about the place value concepts in the math
problems. Their responses and the instructional tools and/or strategies they identified were
evaluated and analyzed to determine whether they qualified as evidence of applications of
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teacher specialized content knowledge (SCK) or teacher knowledge of student and content
(KSC).
The following interview questions were asked to answer research question 2:
The student work below represents a range in students’ application of place value
understanding to common algorithms. If this work was from students in your tier 2
intervention group, how would you…
3. Explain your understanding of the students’ thinking below. What evidence would
indicate to you that a student understands place value concepts?
a.

12
+ 15
27

b.

10
+ 23
3
30
33

c.

17
- 9
7
1
8

4. Considering your understanding of place value concepts, what instructional strategies
would you use to determine whether or not a tier 2 intervention student was relying on
rote memory or if they understood the use of “tens” language?
46 = _____ tens _____ ones.
Students in tier 2 mathematics intervention who struggle with understanding place value
concepts exhibit some of the following challenges in applying place value concepts.
Given student responses to the following problems, what instructional strategies/tools
would you use to support K-2, tier 2 student’s understanding of place value?
5. Jon has 30 checkers. How many stacks of ten checkers can he make?
a. The student is unable to correctly count the 30 checkers.
b. The student correctly counts the 30 checkers but cannot determine that there are 3
stacks of ten.

75

6. There are 37 squares under the circle. There are also 2 ten-strips of squares and 5 single
squares. How many squares are there altogether?

37

c. The student ignores the squares under the circle and counts the 2 ten-strips and single
squares by “ones” to get 25 total squares.
d. The student counts “37, 47, 57, 58, 59, 60, 61, 62” and states “there are 62 total
squares”.
Strategies to Understand Student Thinking
Anna
Anna discussed possible questions she might ask of students such as “Tell me what you
did first?” And stated she would listen to student’s thinking to uncover student misconceptions,
acknowledging students who struggle in mathematics may be at many different levels in their
understanding of place value concepts. In her reasoning about student work sample 3 (a), Anna
stated she would want to know the students’ thinking about how they added the 2 and 5
commenting “sometimes they might say the 2 and count on 5 more or they might count 2 and
count 5 or they might say the 5 and count on 2.” She said that most teachers, including her,
teach addition of two-digit numbers procedurally by beginning with the ones place and then
moving to the tens place but she would accept a child adding the tens place first, then the ones as
she noted might have been employed by the student in interview question 3 (a). Anna indicated
she would question students if they used a different strategy with questions such as “Does this
always work for all numbers?’ Other questions Anna suggested include “What did you do
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next?” and “What were you thinking?” Anna’s verbal thoughts represent an understanding of
knowledge of content and student (KCS) for how students learn to add described by Hill et al.
(2008) as “content knowledge intertwined with knowledge of how students think about, know, or
learn this particular content” (p. 375). While analyzing student work samples provided in the
interview, Anna thoughtfully considered the student work and verbally processed her thinking of
what the student did in the sample problems. She commented that the student used a different
strategy that resulted in the correct answer but she would need to question the student to
understand their reasoning in interview questions 3 (b) and 3 (c) and determine if the strategies
would work with other numbers.
Anna’s flexibility in accepting student’s use of alternative strategies and the type of
probing questions she suggested indicate she has a deep understanding of her content. This is an
example of teacher pedagogical content knowledge described by Hill, et al. (2005) of how a
teacher checks for understanding and creates the mathematical tasks to facilitate productive
classroom discourse.
Beth
Beth described strategies she would use to get at student understanding of place value
concepts by beginning with reminding students of the difference between ones and tens place
value representations. She said she would ask a student to explain their understanding of tens
and ones. If a student struggled she would have them focus on the ones place and when the
student demonstrated an understanding of the ones place she would progress to the tens place.
Additionally, Beth indicated she would question a student about their strategies for solving a
problem if the strategy was not clear to her. Questions she said she would ask of students for
interview question 3 (a), (b) and (c) included “What did you do with those two numbers?” If the
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student used an alternative strategy she would ask them “Was that strategy easier?” and if so,
“Why was it easier and why did they choose that approach?” Beth commented these types of
questions would help her better understand a students’ reasoning.
Beth’s descriptions of how she would get at student understanding of place value
concepts demonstrated some understanding of the content but were limited to “What did you
do?” and “Why did you do it?” When compared to Anna’s responses, Beth’s responses lacked
the level of depth of knowledge about place value concepts.
Carol
Carol described how she would gain an understanding of a students’ grasp of place value
concepts by asking questions to prompt a student to explain their thinking. Her questions were
limited to “how” and “why” questions for interview question 3 (a), (b) and (c) such as “How did
you get that answer?” and “Why did you do what you did?” Carol said she would ask a student
who worked a problem like interview question 3 (a) “How did you get the 7?” She said
“hopefully they will explain that the 2 and the 5 are in the ones place and there is a 1 in the tens
place for each number, and they added that to get the 2.”
Other ways Carol reported getting at student understanding involved using counters or
other objects to represent a number then asking the student to model a math problem where they
take away a certain number of counters and discover how many counters remain. Carol also
described how she would uncover student thinking by modelling a math problem using straws
that are tied in bundles of 10. The specific problem she described was a subtraction problem that
involved regrouping a bundle of 10 to add to the ones place. Carol indicated that she used this
bundling strategy for multiple classroom activities such as determining the date on the calendar
and discussing the lunch count for how many students will buy their lunch versus how many
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brought their lunch. She added that approaches like this help her better understand students’
thinking and help her identify students’ misconceptions about place value concepts.
Carol demonstrated some understanding for how to better understand student thinking about
place value concepts but included only “how” and “why” questions and an approach of listening
for student understanding as she modelled math problems. These strategies are not incorrect but
do not demonstrate a clear understanding of student reasoning about place value concepts and
lack the depth of understanding for how students think about, know, or learn this particular
content demonstrated by Anna’s responses.
Diane
Diane described strategies to understand student thinking about place value concepts by
asking questions about interview question 3 (b) such as “Were you wanting to add the ones and
the tens separately?” and “Why did you combine them together?” She stated she uses concrete
manipulatives like base-ten blocks, place value charts and place value mats to help students
solidify their understanding of ones and tens.
Diane’s responses to all the interview questions were brief. She displayed some
understanding of place value concepts but on a basic level. It was difficult to determine if she
had a deeper understanding of place value concepts because of her limited responses. Diane’s
questioning strategies for understanding student thinking were superficial and focused on the
procedures students utilized rather than conceptual understanding. Her responses lacked
evidence that she could anticipate student actions based on either knowledge of the content and
student (KCS) or specialized content knowledge (SCK) about place value concepts.
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Instructional Strategies
Anna
Anna described specific instructional strategies she uses to teach place value content.
One such strategy is intended to help students better understand place value of two-digit
numbers, particularly the teens because these numbers do not follow the same pattern as twenties
and thirties with the names of these numbers (eleven, twelve, etc.). The strategy involves
students using their fist to punch numbers in the air to physically feel the different place values
for ones and tens. Instead of having students say “eleven, twelve” Anna has students say “Tenone, ten-two” to reinforce the place value positions of these numbers and to help students
remember that these numbers contain ones and tens.
Another strategy Anna uses to help students understand the relationship between tens and
ones is to build a two-digit number such as 46 with base-ten blocks (interview question 4). She
has students count aloud, holding up base-ten rods that represent tens, “ten, twenty, thirty, forty,
fifty” and acknowledges they went too far with the last ten (“fifty”) and directs students to count
ones to reach the number 46. Anna stated she understands that students need to be able to
translate their verbal understanding to a written representation. A strategy she uses to help
students recognize the written numbers is using number cards or flash cards with numbers
written on them. She scrambles the cards and asks students to arrange them in correct
chronological order. She uses tools such as hundreds charts with struggling math students to
help them discover the correct order of the numbers. She stated she may need to prompt some
students by reminding them of the chronological order for one-digit numbers and explaining how
that order is repeated in two-digit numbers for the ones place. These strategies are examples of
what Bair and Rich (2011) describe as Knowledge of Content and Student (KCS) when a teacher
understands students’ thinking and is able to relate it to clear, correct mathematical thinking.
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Anna contemplated strategies she would use to support a struggling student’s
understanding of place value concepts in interview question 5 (a) and (b) when a student is
unable to make a stack of 30 checkers. She described some scaffolding strategies she uses with
her struggling math students by asking students to use counters to make 10 multiple times to
understand how 10 ones becomes a ten. Anna indicated she responds to student reasoning that is
incorrect by having them create concrete models of numbers to visually see the tens and ones of
a two-digit number. An additional strategy Anna uses for struggling math students is to be sure
students understand one-to-one correspondence. She uses counters and has students touch each
counter as they count them, then repeats the strategy but she touches the counter as the student
counts aloud. Anna reported she uses concrete models such as base-ten blocks to help students
physically see a number but acknowledges students must be able to move fluently among
different representations of a number (concrete, representational, abstract) to the written numeral.
She also mentioned that if a student is unable to work a problem involving larger numbers she
often will use smaller numbers to help them understand the concept and gradually build up to
using larger numbers.
Other tools Anna stated she uses with students who struggle with mathematics are
hundreds charts to help students add two-digit numbers. She places a card with the first number
written on it such as 25 in the correct location on a hundreds chart and prompts the student to add
the next number such as 37 by moving ahead by 3 tens and then 7 ones. She acknowledged
students would need to understand how to move ahead by multiples of ten on a hundreds chart
and that, if a student was able to correctly use this strategy, they could apply it to other similar
problems.
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The ability to correctly scaffold place value concepts to very basic levels as described
indicates that Anna understands her content well enough to “unpack” the mathematics. This
ability to “unpack” the mathematics, coupled with the strategies Anna identified to respond to
students’ mathematical questions or misconceptions productively is representative of how Bair
and Rich (2011) describe Specialized Content Knowledge (SCK).
Beth
Beth reported that some instructional strategies she has used with struggling math
students to understand place value concepts included decomposing a two-digit number from
standard form to expanded form. The example in interview question 4 prompted Beth to
describe how she would work with a struggling learner to understand the relationship between
tens and ones of the number 46. She stated she would ask a student to explain it in terms of
“How many ones?” and “How many tens?” She indicated she also has utilized a “tens” and
“ones” or “TO” chart to separate 46 into the correct place value locations on the chart. She said
she would also use base-ten blocks to ask students to use units (ones) to make 46, then have them
regroup and trade 10 ones for a rod (tens). Beth stated she would then ask students “How many
ones are left over?”
While looking at the student work sample provided in interview question 5 (a) and (b),
Beth identified scaffolding strategies she would use to uncover student thinking about why the
student was unable to make a stack of 30 checkers. She indicated she would use a hundreds
chart with a struggling student to correctly count by ones and then progress to counting by fives.
Another strategy Beth reported using for struggling students was to use counters to make groups
of five and have a student practice counting groups of five counters by fives. She said would
gradually have the student progress to counting by tens using the same instructional strategies
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and tools. Beth stated she has used various questioning strategies to help her better understand
student thinking about place value concepts. The questions she suggested were focused on
“why” a student did what they did in a particular problem.
Beth’s responses about scaffolding mathematics problems was limited as compared to
Anna’s responses. She demonstrated a good but not a deep understanding of place value
concepts through her limited “unpacking” of the mathematics presented in the student work
samples provided during the interview. She demonstrated a knowledge of the content but did not
provide an example for how she would help the student make connections in their learning of
these skills. Helping students make these connections by relating the students’ thinking to clear,
correct mathematical thinking is necessary to establish a clear understanding of the mathematics
and to qualify as teacher knowledge of content and student (KCS).
Carol
Carol described instructional strategies she has utilized to teach place value concepts for
interview question 4 to include strategies such as the bundling of straws in groups of 10, a
strategy she has applied to multiple classroom activities. She also reported using ten-frames and
a TO or “tens” and “ones” chart to reinforce student thinking about place value.
Carol pointed out that she scaffolds difficult problems about place value by “going back
to counting” using plastic counters. She indicated she would have students put the counters in a
row or straight line to prevent them from counting a plastic counter twice. Carol said she has
students touch the counters as they begin to count, then she allows them to move the counters as
they progress in their ability to count correctly. She stated that once a student can count by ones
correctly then she would have them count by fives and eventually by tens.
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Some of the questioning strategies Carol reported using with questions similar to
interview question 4 include “How many ones are represented in the number?” and “How many
tens are represented in the number?” She indicated that she has used manipulatives with these
questioning strategies as a concrete representation of a number to reinforce ow many ones and
how many tens are in the number. Carol also said she uses ten-frames to help students
understand how to make 10 and hundreds charts to help students count by tens. These were
strategies Carol reported she would use to support a struggling student attempt to solve questions
similar to interview question 5 (a) and (b). Her explanation of counting by tens included
students counting mid-decade by tens (e.g. 17, 27, 37, etc.).
Carol’s scaffolding strategies and questioning strategies demonstrate some understanding
of place value concepts but not the deep level demonstrated by Anna. Carol reported using one
manipulative frequently which may result in all students learning correct applications for this
manipulative but also may result in some students struggling with math concepts if they do not
understand the various applications of this manipulative. Carol provided responses that were
consistent with a limited level of pedagogical content knowledge as compared to Anna’s
responses. Both Beth and Carol demonstrated common content knowledge of place value
concepts but did not provide evidence of specialized content knowledge or specific knowledge of
content and students that would result in producing productive mathematical classroom
discourse.
Diane
Diane reported that she utilizes place value mats as a frequent instructional tool to help
students understand place value concepts. She described how she has used them with students
and stated she would ask students prompting or guiding questions such as “How many ones are
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you going to take?” and “How many tens are you going to take?” These are strategies Diane
stated she would use with struggling learners for interview question 4.
Strategies Diane indicated she would use to support struggling math students when a
student is unable to make a stack of 30 checkers as in interview question 5 (a) and (b) included
scaffolding instruction by having students count aloud by ones. If a student was not able to
count by ones aloud, Diane stated she would have them count concrete items to determine if a
student was able to count correctly. Another scaffolding strategy Diane said she used was taking
strips of yarn to make circles and have a student count ten concrete items (e.g. checkers) and
place ten items in each circle to make the number 30. She indicated this would allow her to
determine whether or not a student had one-to-one correspondence and whether or not their
ability to count to 30 was just memorization of a chant. She also stated she has students
represent numbers in different formats to reinforce their understanding of the number and the
place value parts.
Diane described a limited number of instructional strategies she has used to help students
learn place value concepts. When prompted to elaborate on her responses during the interview,
she said multiple times “That’s it” indicating she was not able to provide any additional response
or provide more detail to her comments. As compared to Anna who provided great detail and
elaboration, Diane’s responses were constrained and lacked a deep understanding of place value
concepts. Diane did not demonstrate how she would support student thinking about place value
concepts or respond to student questions about mathematics productively, both necessary to
illustrate specialized content knowledge (SCK). She also did not provide evidence of the depth
of content knowledge that was necessary to exemplify an understanding about student thinking
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or reasoning of the interconnectedness of single skills that translate into larger place value
concepts (KCS) (Ball, et al., 2008).
Results and Summary of Analysis
Research Question 1
How do K-2 mathematics teachers describe their understanding of how students learn
place value?
The themes that emerged from this section of the research included: how students learn
place value; challenges struggling students encounter, and instructional tools used by
participants. Responses by teachers in each of these themes demonstrated inconsistencies for
how they believe students learn place value. Teacher responses were more consistent when
describing challenges students encounter when learning place value concepts and with the
instructional tools they identify for use with struggling math learners. However, some of the
tools or manipulatives they identified appear to be grade-level specific (e.g. five- and ten-frames
only discussed by kindergarten teachers).
The Case of the High Score
The responses of Anna, the teacher who achieved the highest score (100%) on the
assessment of mathematical knowledge for teaching (MKT) provided a rich description of how
students learn place value concepts that reflected an understanding consistent with how Battista
(2009) describes student reasoning in his levels of reasoning on place value concepts. The
examples she provided included a series of progressions students traverse as they begin to reason
with place value concepts. She offered examples for how students reason with understanding
place value concepts at Level 0, Level 1, Level 2, and Level 3. The examples included the use of
oral chants which is indicative of students who struggle within level 1 when initially learning to
count by ones. This teacher explained that students require rote counting methods in order to
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progress to counting objects such as plastic counters. The next step she identified included
counting smaller groups of objects to compose a larger number, for example in order to make
five or make ten but noted that students continue to operate on the number as a collection of ones.
This teachers’ explanations for how students learn place value concepts included the use of
manipulatives or mathematical tools as part of the concrete-representational-abstract model she
described for how students’ mathematical learning progresses. She identified additional
mathematics tools such as hundreds charts, base-ten blocks, and number lines as being helpful
tools to reinforce students’ thinking about place value concepts that correspond and are
consistent with reinforcing student reasoning of place value concepts in level 1.
This teacher with the highest MKT score gave additional examples for how students
reason with place value concepts within level 2 through use of the tools previously noted. She
stated that within level 2, students are able to count utilizing skip-counting strategies (e.g. by
tens) using hundreds charts. She reported that students at this stage are able to begin to
recognize patterns within the digits of two- and three-digit numbers, discovering that the
numbers 0 through 9 appear repeatedly but in different place value locations. These comments
indicated a recognition that this progression of learning and reasoning with place value concepts
is a significant understanding for how students move along a progression that must be attained
prior to moving to the next level of understanding of place value. She noticed that when students
make these connections with numbers and place value, they are able to compose and decompose
numbers into their place value parts and recognize important mathematical ideas (e.g. so many
ones, so many tens, etc.). Anna’s responses demonstrated a clear delineated progression of
reasoning with place value concepts consistent with Battista’s (2012) levels 0 through 3
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The Case(s) of the Middle Score
Two teachers were selected for the interview section of the study who achieved MKT
scores consistent with the average and/or mean score. One of the teachers made use of the word
“milestones” when describing her understanding of how students learn and reason with place
value concepts, however, did not expound upon the terminology. Beth and Carol both
gravitated toward the use of manipulatives or math tools within their explanation of how they
understood student reasoning and learning of place value concepts. Each teacher identified
grade-level specific challenges students encounter with place value concepts rather than
explaining the required order of reasoning with place value to progress to another level of
reasoning. All references to levels of reasoning with place value concepts as described by
Battista (2012) were absent from their explanations and no evidence of learning place value
concepts within a sequence was verbalized. The teachers who scored a middle MKT score did
not verbalize or provide any evidence that students learn place value concepts within a series of
levels in which mastery at one level must be attained before progressing to the next level. The
focus for these teachers was more on how they teach place value concepts rather than on an
understanding for how students learn place value concepts.
Beth and Carol both described student behaviors as they reason with place value but each
immediately went to identifying and selecting manipulatives to help students learn or understand
place value. This lack of verbalization for why they were selecting these manipulatives, even
after prompts to explain why, seemed to indicate their focus was not on how students learn but
rather what their role was as teacher, without considering whether or not it would support the
students’ current thinking. One of the teachers who achieved the middle MKT score described
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challenges students face when learning specific place value concepts but again, offered little
processing for how student behavior linked with teacher behavior (instruction).
The Case of the Low Score
The teacher who achieved the low score on the MKT assessment responded to questions
about how she believes students learn place value concepts by describing a mathematical model
for teaching of moving from concrete to representational to abstract. Diane did not describe
student learning of place value concepts in levels or stages. She did not describe student
behavior when learning or reasoning with place value concepts. Her focus was on how she
would teach the concepts and did not indicate a consideration for how students learn or where
students were in their thinking about place value. There was minimal evidence provided by this
teachers’ responses to make connections to Battista’s (2011) model for student reasoning with
place value concepts.
The analysis of data collected compared teachers’ achieved score on the assessment of
teacher mathematical knowledge for teaching (MKT) to their understanding for how students
learn and reason with place value concepts. The responses teachers provided coupled with the
instructional tools they identified provided evidence of their level of student understanding. The
findings support the first part of this researcher's working hypothesis that teachers with less
knowledge of MKT of place value (based on their score on the assessment of teacher MKT)
would respond with a more limited understanding of student thinking than teachers with a higher
score.
Research Question 2
How does teacher mathematical knowledge for teaching (MKT) place value impact their
instructional decisions with struggling math students in tier 2 intervention?
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The instructional decisions teachers identified based on their evaluation of student work
samples for this portion of the study were compared with the model of Mathematical Knowledge
for Teaching (MKT) proposed initially by Ball, et al. (2008) and expounded upon by Bair and
Rich (2011). The themes identified with the analysis of teacher responses included: strategies to
understand student thinking, and instructional strategies. There was some overlap in teacher
responses with teachers identifying specific tools they would use when identifying strategies to
understand student thinking.
Teachers demonstrated consistency in their identification of strategies to understand
student thinking about place value concepts with questioning strategies. The level of depth or
sophistication of questions, however, seemed to diminish in a manner consistent with the
teachers’ MKT score of place value concepts. There was consistency with the instructional
strategies teachers identified for use with struggling mathematics students in that each reported
using manipulatives or other tools coupled with questioning strategies to support students’
learning of place value concepts. Again, the depth and rigor of questions asked decreased in a
parallel manner based on each teacher’s achieved MKT score.
The Case of the High Score
Anna, who achieved the highest score on the assessment of teacher MKT, described
instructional decisions she uses with struggling math students that reflected a deep
understanding of the mathematics concepts she teaches. She indicated she would be open to
allow students to solve mathematics problems using alternative methods as long as their thinking
was mathematically correct. She suggested multiple probing questions she would ask students to
discover their understanding and reasoning about place value concepts. These are consistent
with Hill’s, et al. (2005) description of how a teacher checks for student understanding and
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promotes productive mathematical discourse. Anna also described multiple instructional
strategies and tools she uses with struggling students that reflected a deeper understanding of
students’ thinking that allowed her to relate the students’ thinking to clear and correct
mathematical thinking (Bair & Rich, 2011).
Anna provided examples of instructional tools she uses with struggling math students that
included scaffolding strategies. The ability to scaffold mathematical concepts into component
parts was an indication she knows and understands place value concepts at a deeper level. This
ability to scaffold place value concepts as she explained is consistent with how Bair and Rich
(2011) describe specialized content knowledge (SCK). Their description includes an ability to
“unpack” the mathematics taught so that struggling math students have access to the content.
The Case(s) of the Middle Score
The two teachers’ who achieved the middle score(s) responses were less about checking
for student understanding to promote productive mathematical discourse (Hill, et al., 2005) but
were more about “how” or “why” a student made certain mathematical decisions. The teachers
reported they would listen for student thinking to determine what instructional strategies to
utilize, however, their responses indicated they had already pre-determined the instructional
strategy to use prior to hearing students’ explanations of their understanding. Some of their
questioning strategies included “What did you do?” and “Why did you do that?” These types of
questions seemed to lack the depth of understanding for how to best prompt a student to describe
their reasoning about place value concepts and were not consistent with uncovering a deeper
understanding of students’ thinking (Bair & Rich, 2011).
Beth offered scaffolding strategies she would use with struggling math students similar to
Anna’s examples. However, the examples Beth gave were less sophisticated than Anna’s and
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lacked the depth found in the strategies Anna provided. Carol also described questioning
strategies she would use with struggling math students which were consistent with a limited level
of pedagogical knowledge about place value concepts but did not reflect a strong connection
between mathematical content and knowledge of student (Bair & Rich, 2011).
The Case of the Low Score
Diane, who achieved the lowest score on the assessment of teacher MKT, gave only
partial responses when describing the instructional strategies she would utilize with struggling
math students on place value concepts. She also suggested she would use questioning strategies
to understand student thinking but the questions she listed were questions about the procedures a
student might be using with place value concepts.
Since this teacher provided such abbreviated responses, it was difficult to determine if
she possessed a deeper level of understanding about place value and effective instructional
strategies as identified by Hill, et al. (2005), however, within her responses, there was no
evidence to indicate this level of understanding.
The data analysis compared teachers’ achieved score on the assessment of teacher
mathematical knowledge for teaching (MKT) to the description of the instructional strategies and
tools they would utilize. The findings support the second part of this researcher’s working
hypothesis that teachers with less knowledge of MKT of place value (based on their score on the
assessment of teacher MKT) would suggest or recommend more limited instructional strategies
than teachers with higher scores.
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CHAPTER V: SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS
Introduction
This study explored the nature of the relationship between the mathematical knowledge
for teaching (MKT) of place value a group of K-2 elementary mathematics teachers possess and
the instructional decisions they make with students in a mathematics intervention setting. The
previous chapters included the background of the problem, a statement of the problem, purpose
of the study, significance of the study and a review of the literature. Also included was a
discussion of the frameworks applied to the study, the methodology and procedures utilized and
a presentation of the data with an analysis addressing each of the research questions. This
chapter includes a summary of the study with conclusions and implications drawn from the
study. The chapter ends with recommendations for future research and for practice.
Summary of the Study
This qualitative study compared multiple case studies of teachers’ responses for how they
believe students learn place value concepts with Battista’s (2012) Levels of Sophistication in
Student Reasoning: Place Value. Teachers were selected for the interview portion of this study
based on their score on the Learning Mathematics for Teaching (2006) Elementary Place Value
Content Knowledge assessment. This tool provides a measure of teachers’ mathematical
knowledge for teaching (MKT). Additionally, comparisons among the three cases were made to
the “egg” model of mathematical knowledge for teaching (Ball, et al., 2008; Bair & Rich, 2011)
based on their score range and the instructional decisions they make to support student thinking
in a K-2 mathematics intervention setting.
Teachers’ score ranges (high score, middle score, low score) were utilized in this study
for comparison purposes and each of the three cases (high score, middle scores, low score) was
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considered with respect to the theoretical frameworks. The response data from teachers who
achieved lower scores of mathematical knowledge for teaching (MKT) place value concepts
were compared to the responses of the teacher with greater MKT of place value concepts. The
themes that emerged from this analysis included: how students learn place value; challenges
struggling students encounter, and instructional tools used by participants. What follows is a
summary of the participants’ responses that addressed research question 1.
Research Question 1
How do K-2 mathematics teachers describe their understanding of how students learn
place value?
When explaining how students learn place value, the study revealed inconsistent thinking
among teachers about how students learn and reason with place value concepts. The case of the
teacher with the high score on the MKT assessment of place value provided a clear description of
how students learn place value concepts in steps or stages with only one other teacher
commenting that students learn these concepts as “milestones”. This teacher’s descriptions of
the stages for how students learn place value concepts came closest to mirroring Battista’s (2012)
levels 0-3. These levels explain how students’ reason with place value concepts of individual
numbers.
The case of the teacher(s) with the middle score revealed a leaning toward the
instructional strategies each had acquired through multiple years of teaching place value
concepts. There was little evidence that these teachers reflect on student thinking and
understanding in their explanation for how they believe students learn place value concepts.
Their focus was on how they would teach the concepts without considering if it would support
students’ current thinking about place value
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When explaining the challenges struggling mathematics students encounter learning
place value, the results of the study showed a more consistent response among teachers. All
teachers reported that students struggle with understanding the relationship between ones and
tens in some manner. The teachers with higher MKT scores responded in greater detail and
provided evidence of their claims through student work examples consistent with Battista’s
(2012) levels 0 and 1.
The case of the teacher with the lowest MKT uncovered a lack of connections between
how she believes students learn place value concepts and progressions in that learning (Battista,
2012). This teachers’ responses also indicated a stronger connection between her instruction and
the content being taught rather than on how students learn or where a student might be in their
understanding of place value concepts.
Teachers’ responses about instructional tools also demonstrated some consistency with
tools they use with struggling math students. All teachers indicated they use base-ten blocks and
some form of physical objects (e.g. plastic counters) to count and to represent a number’s
physical size (e.g. snap cubes). Most of the teachers reported using number lines and hundreds
charts to teach and reinforce place value and order of numbers. Only the two kindergarten
teachers indicated they use five- and ten-frames to demonstrate the difference in one-digit and
two-digit numbers. The tools identified seemed to be grade-level specific in some instances such
as five- and ten-frames and corresponded to differing levels of Battista’s (2012) framework for
how students’ reason with place value concepts.
The instructional decisions teachers identified based on their analysis of student work
samples of place value concepts were compared with the model of Mathematical Knowledge for
Teaching (MKT) proposed by Ball, et al. (2008). The teachers responded with examples for how
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they would work with struggling K-2 students in an intervention or RtI setting and do not
necessarily reflect their teaching of core instruction (regular classroom instruction). The themes
identified with this analysis included: strategies to understand student thinking, and instructional
strategies. The following is a summary of teachers’ responses to address research question 2.
Research Question 2
How does teacher mathematical knowledge for teaching (MKT) place value impact their
instructional decisions with struggling math students in tier 2 intervention?
Each of the case studies (high score, middle score, low score) included consistent use of
questioning as teachers discussed the strategies they would use to understand student thinking.
The level of sophistication of questioning strategies described and the understanding of place
value demonstrated by this group of teachers decreased in a manner consistent with their MKT
of place value (score on the assessment). Additionally, teachers’ responses for the instructional
strategies they would use indicated some consistency with the use of manipulatives coupled with
strategic questioning. Each of these cases was compared to the “egg” model of mathematical
knowledge for teaching (Ball, et al., 2008; Bair & Rich, 2011).
The case of the teacher with the highest score on the MKT assessment of place value
offered interpretations of student work samples and identified instructional strategies and tools
consistent with Bair and Rich’s (2011) definition of a teacher with Specialized Content
Knowledge (SCK). The instructional strategies provided by this teacher indicated an ability to
“unpack” the mathematics to provide meaning for students, also a component of SCK. This
teacher described probing questions to uncover student thinking that were reflective of a deep
understanding of place value concepts and knowledge of how students think about these
concepts. The ability to pair a deep understanding of mathematics with student thinking about
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the mathematics is how Bair and Rich (2011) describe Knowledge of Student and Content
(KSC).
The case of the teachers who achieved the middle MKT score indicated a propensity
toward “how” or “why” a student made a mathematical decision rather than on checking for
student thinking to promote productive mathematical discourse, a necessary component
identified by Bair and Rich (2011). Additionally, there was a lack of connections between
student thinking and place value concepts being taught as indicated by these questioning
strategies.
The responses provided in the case of the teacher with the low MKT score revealed a
limited understanding of connections with student thinking and place value concepts (Bair &
Rich, 2011). The truncated responses provided by this teacher provided minimal opportunities
for uncovering how to attain a deeper level of understanding by students for place value
concepts. This case as compared to the other cases indicate teachers with a lower MKT of place
value seem to lack the ability to help students make connections in their own understanding and
reasoning with place value.
Discussion
The results of the study indicated that, for this sample of teachers, the case of the high
MKT score of place value concepts demonstrates a deeper understanding of the mathematics
content. Additionally, the teachers with greater MKT of place value identify, with greater
consistency, instructional strategies that research indicate are more effective with students who
struggle with mathematics understanding, particularly those in an intervention setting as
identified within the frameworks discussed.
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The teacher with the highest score on the Learning Mathematics for Teaching (2006)
Elementary Place Value Content Knowledge assessment had additional experience and training
above and beyond the training elementary mathematics teachers receive. The knowledge gained
and required for this additional experience was not explored, however, the additional
professional development received was extensive. The trainings described by this teacher far
exceeded the professional development trainings described by the other teachers in this study.
All of the teachers noted that when learning counting strategies, students initially rely on
physical objects to count, similar to the findings of Steffe, et al. (1988). Also, teachers in the
study described teaching strategies for reinforcing counting by tens through the use of hundreds
charts which Cobb and Wheatley (1988) reported was a requirement before children understand
the position of numbers and their place values.
Most of the teachers acknowledged the challenges students encounter when learning twodigit numbers due to the spoken words being inconsistent with the written number (e.g. 11, 12,
13, etc.). This matches challenges reported by Fuson, et at. (1997) of initial understanding for
two-digit numbers due to the irregularities with the English spoken words for these numbers.
The teacher with the highest MKT score on place value and the teacher with the lowest
MKT score both described some version of a concrete to representational to abstract approach
when teaching students about place value concepts in a mathematics intervention lesson. This
approach is described by Peterson, et al. (1987) as being effective for helping students learn and
retain initial place value concepts.
The findings of this research indicated that teachers with a greater MKT of place value
concepts identify more consistently effective instructional strategies to support struggling
mathematics students’ understanding of place value concepts in an intervention setting. Other
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studies from the existing research that considered teacher MKT or pedagogical content
knowledge (PCK) of place value focused more on increasing teachers’ PCK of place value by
applying a treatment (professional development). Two of these studies (Kulhanek, 2013; Waller,
2012), both dissertation studies, employed the Learning Mathematics for Teaching (2006)
assessment, however, they selected different items from the assessment for their studies.
The focus of this study was on the MKT of a group of K-2 elementary mathematics
teachers and the relationship between their MKT and the instructional strategies they identify for
working with struggling mathematics students in an intervention or RtI setting. Research on RtI
(Bryant, et al., 2008a; Zheng, et al., 2012) suggests that the use of systematic, explicit instruction
is an effective instructional strategy for use with students in mathematics intervention lessons
and while none of the teachers in this study used these words to describe their instruction, some
evidence was present of this approach. For example, the teacher with the greatest MKT
demonstrated an understanding of learning trajectories of mathematics and where place value fit
within the progression of learning. This teacher provided clear examples of scaffolding
instruction for place value concepts that indicated an understanding or foundational skills needed
prior to learning other grade level content.
Also, teachers’ descriptions of beginning steps in teaching students counting strategies
indicated they have students count by ones up to twenty and focus on one-to-one
correspondence. This finding is consistent with a study comparing the development of place
value concepts in Asian schools and American schools (Yang & Cobb, 1995). They found that
American schools focus on one-to-one correspondence and counting by ones up to twenty as
initial learning activities and they reported this was a weakness in content sequencing.
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It was, however, surprising to note that none of the participants in this study identified the
specific instructional strategy of explicit instruction (by name) as being effective with students in
an intervention setting. This instructional strategy has been reported extensively in the research
about Response to Intervention (Jordan, et al., 2009; Bryant et al., 2011; Gersten et al., 2012) as
an effective instructional strategy to use in mathematics intervention instruction.
The findings of this research suggest that teachers who provide K-2 mathematics
intervention lesson should possess a greater MKT of specific mathematics content appropriate
for supporting students’ learning in RtI or intervention settings. The mathematics content
knowledge addressed by a report to the National Joint Committee on Learning Disabilities
(2005) indicates the interventionist “will be expected to master a variety of scientific, researchbased methods and materials” (p.7). Another report addressing the content knowledge of the
interventionist stated the intervention specialist, in order to be effective, “will be instructional
experts” (p. 271) who are knowledgeable about the curricula and about effective instructional
strategies appropriate for students in intervention settings.
Conclusions
The findings of this qualitative study supported the researcher’s initial belief that teachers
with greater mathematical knowledge for teaching (MKT) would demonstrate a deeper
understanding of instructional strategies that support struggling mathematics students learning in
intervention settings. The conditions under which these comparisons were made for each of the
three cases, high score, middle score, and low score, were considered with respect to the
frameworks of Battista’s levels of reasoning about place value (2012) and the “egg” model of
mathematical knowledge for teaching (Ball, et al., 2008; Bair & Rich, 2011). Additional
research results of other studies reported here supports this assertion and underscores the
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importance of the pedagogical content knowledge or MKT of the person providing mathematics
intervention, whether it be a mathematics specialist or classroom teacher.
Implications
Implications for Teachers and School Districts
The results of this study suggest K-2 elementary mathematics teachers who are
responsible for teaching mathematics intervention should possess a greater mathematical
knowledge for teaching (MKT). The teachers in this study with greater MKT identified more
consistently, effective instructional strategies for supporting students in mathematics intervention
lessons. However, there was limited knowledge demonstrated about specific instructional
strategies identified in the literature review as being effective for addressing the needs of
struggling mathematics learners in RtI, such as systematic, explicit instruction (Bryant, et al.,
2008a). It might be helpful for teachers to seek out specific professional development on RtI
instruction when seeking out professional learning opportunities. It might also be beneficial for
school district leaders and curriculum coordinators to provide this type of training for their
teachers either by enlisting local RtI mathematics experts or bringing in outside RtI mathematics
experts. School district leaders might also consider whether it is feasible or even desirable for all
elementary teachers to be content experts in mathematics, especially considering these teachers
are usually responsible for teaching multiple content areas in addition to mathematics. School
district leaders may want to consider whether it is more beneficial to hire additional staff, who
have this level of expertise, to provide mathematics intervention for students.
Implications for Response to Intervention (RtI) Research
The review of literature for this study revealed limited research on the pedagogical
content knowledge of mathematics interventionists. The larger body of RtI research may benefit
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from additional consideration of the impact of mathematics pedagogical content knowledge
(PCK) or mathematical knowledge for teaching (MKT) on intervention instruction and student
academic success. If research can demonstrate a significant relationship between elementary
mathematics teachers’ MKT of specific content (appropriate for RtI) and student academic
success, this may inform questions school districts face including teacher professional
development and staff hiring decisions. Additionally, this may inform specific qualifications and
skills mathematics interventionists should possess in order to be effective.
Limitations
The teachers selected for this study teach different grade levels and the place value
content taught at each grade level differs based on the mathematics curriculum expectations at
that grade level. This could have influenced the place value content knowledge each individual
teacher possesses. Also, while no teacher reported recent professional development (within the
past 5 years) on place value concepts, one teacher had previous professional development and
work experiences, unique to her, that could have informed her understanding of place value.
Additionally, the sample size and qualitative methodology applied prevent the findings to be
generalizable to other groups of teachers.
Recommendations for Practice
The findings of this study indicate that a teacher with a greater level of mathematical
knowledge for teaching (MKT) will exhibit specific behaviors that promote students’
mathematical thinking in an intervention setting. Those teacher behaviors observed in this
study are listed below.
•

The teacher displays a greater understanding for “how” students reason and understand
mathematical concepts.
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•

The teacher understands there are progressions of learning students follow in reasoning
with mathematics concepts.

•

The teacher understands students’ thinking and can relate it to clear, correct mathematical
thinking.

•

The teacher demonstrates the ability to scaffold concepts to “unpack” the mathematics.

•

The teacher responds to students’ mathematical questions or misconceptions
productively.

•

The teacher identifies appropriate manipulatives to support mathematics learning,

•

The teacher considers student’s thinking and reasoning about mathematics concepts prior
to identifying an appropriate instructional strategy.

•

The teacher identifies appropriate instructional strategies to support mathematics learning
and understanding.

•

The teacher checks for students’ understanding and promotes productive discourse based
on students’ responses.
Recommendations for Future Research
The following recommendations for future research are proposed based on the findings of

this study.
•

It is recommended that future research on mathematics RtI consider the relationship
between the mathematics interventionists’ MKT and student academic performance.

•

It is also recommended that future research on mathematics RtI consider the feasibility of
training all elementary mathematics teachers to be content experts or whether it is more
beneficial for mathematics intervention experts/specialists to provide mathematics

103

intervention for students. This research should consider the benefits of various models of
mathematics instruction (push-in, pull-out or other models) on student academic success.
•

It is also recommended that future research on mathematics RtI explore additional
options for how elementary classroom teachers’ MKT may be increased. This research
might consider what teacher professional training might include (e.g. mathematics
content, instructional strategies, use of tools/manipulatives, etc.).

•

It is also recommended that future research on mathematics RtI consider how new
research on MKT of elementary mathematics teachers informs the field of mathematics
education. This might include evaluating and informing teacher training at the university
level or at the district level.

104

REFERENCES
Bair, S. & Rich, B. (2011). Characterizing the development of specialized mathematical content
knowledge for teaching in algebraic reasoning and number theory. Mathematical
Thinking and Learning 13, 292-321. doi:10.1080/10986065.2011.608345.
Ball, D. L. (1990). Prospective elementary and secondary teachers’ understanding of
division. Journal for Research in Mathematics Education, 21(2), 132-144.
Ball, D. L., & Bass, H. (2003). Toward a practice-based theory of mathematical knowledge for
teaching. In B. Davis & E. Simmt (Eds.), Proceedings of the 2002 annual meeting of the
Canadian Mathematics Education Study Group (pp. 3-14). Edmonton, Alberta, Canada:
Canadian Mathematics Education Study Group (Groupe Canadien d’etude en didactiqe
des mathematiques).
Ball, D. L., Hill, H.C, & Bass, H. (2005). Knowing mathematics for teaching: Who knows
mathematics well enough to teach third grade, and how can we decide? American
Educator, 29(1), 14-46.
Ball, D. L., McDiarmid, G. W., & National Center for Research on Teacher Education (1989).
The subject matter preparation of teachers. (Issue Paper 89-4).
Ball, D. L., & National Center for Research on Teacher Education (1988). Research on
teaching mathematics: Making subject matter knowledge part of the equation. (Issue
Paper 88-2).
Ball, D. L., Thames, M. H. & Phelps, G. (2008). Content knowledge for teaching: What makes is
special? Journal of Teacher Education, 59(5), 389-407.
Battista, M. T. (2012). Cognition-based assessment & teaching of place value: Building on
students’ reasoning. Portsmouth, NH: Heinemann.

105

Bergan, J. R. (1977). Behavioral consultation. Columbus, OH: Merrill.
Bryant, D.P., Bryant, B.R., Gersten, R.M., Scammacca, N.N., Funk, C., Winter, A., Shih, M., &
Pool, C. (2008a). The effects of tier 2 intervention on the mathematics performance of
first-grade students who are at risk for mathematics difficulties. Learning Disability
Quarterly, 31, 47-63.
Bryant, D.P., Bryant, B.R., Gersten, R., Scammacca, N., & Chavez, M.M. (2008b). Mathematics
intervention for first- and second-grade students with mathematics difficulties: The
effects of tier 2 intervention delivered as booster lessons. Remedial and Special
Education, 29(1), 20-32. doi: 10.1177/0741932507309712
Bryant, D., Bryant, B., Roberts, G., Vaughn, S., Pfannenstiel, K., Porterfield, J., & Gersten, R.
(2011). Early numeracy intervention program for first-grade students with mathematics
difficulties. Exceptional Children 78(1), 7-23.
Cady, J. A., Hopkins, T. M., & Price, J. (2014). Impacting early childhood teachers'
understanding of the complexities of place value. Journal Of Early Childhood Teacher
Education, 35(1), 79-97.
Carpenter, T. P. & Moser, J. M. (1984). The acquisition of addition and subtraction concepts in
grades one through three. Journal of Research in Mathematics Education, 15(3), 179202.
Cobb, P. & Wheatley, G. (1988). Children’s initial understandings of ten. Focusing on Learning
Problems in Mathematics, 10(3), 1-28.
Creswell, J. W. (2014). Research design: Qualitative, quantitative, and mixed methods
approaches. Thousand Oaks, CA: SAGE.
Dedoose Version 7.0.23,(2016) Web application for managing, analyzing, and presenting

106

qualitative and mixed method research data. Los Angeles, CA: SocioCultural Research
Consultants, LLC (www.dedoose.com).
Deno, S. L. (1985). Curriculum-based measurement: The emerging alternative. Exceptional
Children, 52, 219-232.
Deno, S. L. & Mirkin, P. K. (1977) Data-based program modification: A manual. Reston VA:
Council for Exceptional Children.
Eilbert, K. W., & Lafronza, V. (2005). Working together for community health-a model and case
studies. Evaluation and Program Planning, 28, 185-199.
Foss, D. H., & Kleinsasser, R. C. (1996). Preservice elementary teachers’ views of pedagogical
and mathematical content knowledge. Teaching and Teacher Education, 12(4), 429–442.
Frechtling, J. (2010). The 2010 user-friendly handbook for project evaluation. National Science
Foundation, Arlington, VA:
Fuchs, L., Compton, D., Fuchs, D., Paulsen, K., Bryant, J., & Hamlett, C. (2005). The
prevention, identification, and cognitive determinants of math difficulty. Journal of
Educational Psychology, 97(3), 493-53. doi:10.1037/0022-0663.97.3.493
Fuchs, D., & Fuchs, L. S. (2006). Introduction to response to intervention: What, why, and how
valid is it? Reading Research Quarterly, 41(1), 93-99.
Fuchs, D., Fuchs, L., & Compton, D. (2012). Smart RTI: A next-generation approach to multilevel prevention. Exceptional Children, 78, 263–279.
Fuller, R. A. (1996, October). Elementary teachers' pedagogical content knowledge of
mathematics. Paper presented at the Mid-Western Educational Research Association
Conference, Chigago, IL.
Fuson, K. C. & Briars, D. J. (1990). Using a base-ten blocks learning/teaching approach for first-

107

and second-grade place-value and multidigit addition and subtraction. Journal for
Research in Mathematics Education, 21(3), 180-206.
Fuson, K. C., Wearne, D., Hiebert, J. C., Murray, H. G., Human, P. G., Olivier, A. I., Carpenter,
T. P., Fennema, E. (1997). Children’s conceptual structures for multidigit numbers and
methods of multidigit addition and subtraction. Journal for Research in Mathematics
Education 28(2), 13-162.
Gersten, R., Beckmann, S., Clarke, B., Foegen, A., Marsh, L., Star, J., & Witzel, B. (2009).
Assisting students struggling with mathematics: Response to Intervention (RtI) for
elementary and middle schools (NCEE 2009-4060), Washington, DC: National Center
for Education Evaluation and Regional Assistance, Institute of Education Sciences, U.S.
Department of Education. Retrieved from
http://ies.ed.gov/ncee/wwc/pdf/practice_guides/rti_math_pg_042109.pdf
Gersten, R., Clarke, B., Jordan, N. C., Newman-Gonchar, R., Haymond, K., & Wilkins, C.,
(2012). Universal screening in mathematics for the primary grades: Beginnings of a
research base. Exceptional Children, 78(4), 423-445.
Hannah, K. S. (2005). Planning for sustainability. Journal of the American Planning
Association, 71, 27-40.
Herriott, R. E., & Firestone, W. A. (1983), Multisite qualitative policy research: Optimizing
description and generalizability. Educational Researcher, 12, 14-19.
Hill, H., Ball, D. L., & Schilling. S. (2008). Unpacking pedagogical content knowledge:
Conceptualising and measuring teachers' topic-specific knowledge of students. Journal
for Research in Mathematics Education, 33(4), 372–400.

108

Hill, H. C., Rowan, B., & Ball, D. L. (2005). Effects of teachers' mathematical knowledge for
teaching on student achievement. American Educational Research Journal, 42(2), 371406.
Hill, H. C., Schilling, S. G., & Ball, D. L. (2004). Developing measures of teachers’ mathematics
knowledge for teaching. The Elementary School Journal, 105(1), 11-30.
Individuals with Disabilities Education Act, 20 U.S.C. § 1400 (2004). Retrieved from
http://www.wrightslaw.com/idea/law.htm
Jordan, N. C., Glutting, J., & Ramineni, C., (2009). The importance of number sense to
mathematics achievement in first and third grades. Learning and Individual Differences,
20(2), 82-88.
Kahan, J. A., Cooper, D. A., & Bethea, K. A. (2003). The role of mathematics teachers’ content
knowledge in their teaching: A framework for research applied to a study of student
teachers. Journal of Mathematics Teacher Education, 6(3), 223-252.
Kena, G., Hussar W., McFarland J., de Brey C., Musu-Gillette, L., Wang, X., Zhang, J.,
Rathbun, A., WilkinsonFlicker, S., Diliberti M., Barmer, A., Bullock Mann, F., and
Dunlop Velez, E. (2016). The condition of education 2016 (NCES 2016-144). U.S.
Department of Education, National Center for Education Statistics. Washington, DC.
Retrieved February 27, 2017 from http://nces.ed.gov/pubsearch.
Kulhanek, S. M. (2013). Developing second grade teachers' pedagogical content
knowledge of place value (Doctoral dissertation). Retrieved from ProQuest LLC.
(ED555185)
Learning Mathematics for Teaching (2006). Mathematical knowledge for teaching measures:
Place value content knowledge. Ann Arbor, MI: Authors.

109

Lembke, E., & Foegen, A. (2009). Identifying early numeracy indicators for kindergarten and
first-grade students. Learning Disabilities Research & Practice, 24(1), 12-20.
Lembke, E.S., Hampton, D., & Beyers, S.J. (2012). Response to intervention in mathematics:
Critical elements. Psychology in the Schools, 49(3), 257-272. doi:10.1002/pits
McClain, K. (2003). Supporting preservice teachers' understanding of place value and
multidigit arithmetic. Mathematical Thinking and Learning, 5(4), 281-306. doi:
10.1207/S15327833MTL0504_03
Matthews, M., & Ding, M. (2011). Common mathematical errors of pre-service elementary
school teachers in an undergraduate course. Mathematics and Computer
Education, 45(3), 186-196.
Medley, D. (1979). The effectiveness of teachers. In P. L. Peterson and H. Walberg (Eds.)
Research on teaching: Concepts, findings and implications (pp. 11-26). Berkeley:
McCutchan.
Merriam, S. B., & Tisdell, E. J. (2015). Qualitative research: A guide to design and
implementation. San Francisco, CA: Jossey-Bass.
Mewborn, D. (2001). Teachers content knowledge, teacher education, and their effects on the
preparation of elementary teachers in the United States. Mathematics Education Research
Journal, 3, 28-36.
National Center on Intensive Intervention. (2016). Principles for designing intervention in
mathematics. Washington, DC: Office of Special Education, U.S. Department of
Education.

110

National Center on Response to Intervention. (2010). Essential components of RtI - A closer look
at response to intervention. Washington, DC: U.S. Department of Education, Office
of Special Education Programs, National Center on Response to Intervention.
National Council of Teachers of Mathematics. (2000). Principles and standards for school
mathematics. Reston, VA: National Academies Press.
National Joint Committee on Learning Disabilities, (2005). Responsiveness to intervention and
learning disabilities. Retrieved from www.ldonline.org/njcld
O’Connor, R., & Jenkins, J. (1999). The prediction of reading disabilities in kindergarten and
first grade. Scientific Studies of Reading, 3, 159–197.
Organization for Economic Co-Operation and Development (2005). Why is teacher quality
important? Teachers Matter: Attracting, Developing, and Retaining Effective Teachers
(pp. 23-37), Paris: OEDC.
Patton, M. (2015). Qualitative research & evaluation methods. Thousand Oaks, CA: SAGE
Publications
Peterson, S. K., Mercer, C. D., Tregash J. & O'Shea. L. (1987). Comparing the
concrete to abstract teaching sequence to abstract instruction for initial place value
skills. Monograph #19. University of Florida Multidisciplinary Diagnostic and Training
program (MDTP): Florida State Department of Education.
Reys, R. E., Lindquist, M. M., Lambdin, D. V. & Smith, N. L. (2015). Helping children learn
mathematics. New Jersey: John Wiley & Sons, Inc.
Saldaña, J. (2016). The coding manual for qualitative researchers, 3rd edition. Los Angeles:
SAGE Publications.
Sharma, M. (1993). Place value concept: How children learn it and how to teach it. Math

111

Notebook 10(1-2), 2-26.
Shulman L. (1987). Knowledge and teaching: Foundations of the new reform. Harvard
Educational Review. 57, 1-22.
Steffe L. P., Cobb P. & Glasersfeld E. von (1988) Construction of arithmetical meanings and
strategies. New York: Springer-Verlag.
Steffe, L., von Glasersfeld, E., Richards, J., & Cobb, P. (1983). Children’s counting types:
Philosophy, theory, and application. New York: Praeger Scientific.
Swanson, H. L, Harris, K. R., & Graham, S. (2013). Handbook of learning disabilities (2nd ed.)
New York, NY: The Guilford Press.
U.S. Department of Education, National Center for Education Statistics. (2016). Digest of
Education Statistics, 2015 (NCES 2016-014), Chapter 2.
Van De Walle, J. A., Karp K. S. & Bay-Williams, J. M. (2016). Elementary and middle school
mathematics: Teaching developmentally. New Jersey: Pearson.
Waller, L. I. (2012). Math intervention teachers’ pedagogical content knowledge and student
achievement (Doctoral dissertation). Retrieved from ProQuest. (3506346)
Willcutt, E. G., Petrill, S. A., & Wu, S. (2013). Comorbidity between reading and math
disabilities: Concurrent psychopathology, functional impairment, and
Neuropsychological functioning. Journal of Learning Disabilities, 46(6), 500-516.
doi:10.1177/0022219413477476
Yin, R. K. (2009). Case study research: Design and methods, fourth edition. Thousand Oaks,
CA: SAGE Publications.

112

Zheng, X., Flynn, L.J., & Swanson, H.L. (2012). Experimental intervention studies on word
problem solving and math disabilities: a selective analysis of the literature. Learning
Disability Quarterly, 36(2), 97-111. doi:10.1177/0731948712444277

113

APPENDIX A
Learning Mathematics for Teaching (2006) Elementary Place Value Content Knowledge
1. Ms. Wilson’s class is working in groups to decompose 391 into hundreds, tens, ones,
and tenths. As she walks around, she sees groups have arrived at very different answers.
Which of the following ways to represent 391 should she accept as correct? (Mark YES, NO,
or I’M NOT SURE for each choice.)

Yes

No

I’m not
sure

a) 3 hundreds + 90 tens + 1 one

1

2

3

b) 2 hundreds + 19 tens + 1 one

1

2

3

c) 3 hundreds + 9 tens + 10 tenths

1

2

3

d) 39 tens + 1 one

1

2

3

2. Mr. Siegel and Mrs. Valencia were scoring their students’ work on the practice state
mathematics exam. One question on the exam asked:
Write the number that is halfway between 1.1 and 1.11.
Mr. Siegel and Mrs. Valencia were interested to see the different answers students wrote.
What should the teachers accept as correct? (Mark ONE answer.)
a) 1.05
b) 1.055
c) 1.105
d) 1.115
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3. Teachers often offer students “rules of thumb” to help them remember particular
mathematical ideas or procedures. Sometimes, however, these handy memory devices are
not actually true, or they are not true for all numbers. For each of the following, decide
whether it is true all of the time or not. (Mark TRUE FOR ALL NUMBERS, NOT ALWAYS
TRUE, or I’M NOT SURE.)

a) If the first of two numbers is smaller than a
second, and you add the same number to
both, then the first sum is smaller than the
second.
b) Multiplying a number makes it larger.
c) A negative number plus another negative
number equals a negative number.
d) To multiply any number by 10, add a zero
to the right of the number.

True for all
numbers

Not always
true

I’m not
sure

1

2

3

1

2

3

1

2

3

1

2

3

4. As Mrs. Boyle was teaching subtraction one day, she noticed a few students subtracted
in the following way:
13

63
28
35

_3

What were these students most likely doing? (Mark ONE answer.)
a) The students “subtracted up,” by taking 3 away from 8, and then tried to compensate
for this mistake.
b) The students compensated by subtracting 30 from 63, then dealt with the 8 and 3 in a
second step.
c) The students made a mistake with the standard procedure, crossing out the 2 rather
than the 6.
d) The students added ten to both 63 and 28, then subtracted.
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5. Ms. Lawrence is making up word problems for her students. She wants to write a word
1
problem for 3 ÷ . Which word problem(s) can she include? (Mark YES, NO, or I’M NOT
2
SURE for each problem.)

a) Melissa has 3 pizzas and she wants to give half of
them to her friend. How much pizza will her
friend get?
b) Dan has 3 cups of chocolate chips. He wants to
1
bake cookies, and each batch requires
cup of
2
chocolate chips. How many batches of cookies
can Dan make if he uses all of the chocolate
chips?
c) Three friends each have half of a cookie. How
many cookies would they have if they put them all
together?
d) Jacquie has collected three cans of pennies for her
fund-raiser. If she is halfway to her goal, how
many cans of pennies had she set as the goal?
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Yes

No

I’m not
sure

1

2

3

1

2

3

1

2

3

1

2

3

6. Imagine that you are working with your class on subtracting large numbers. Among
your students’ papers, you notice that some have displayed their work in the ways:

Which of these students is using a method that could be used to subtract any two whole
numbers? (Mark ONE answer.)
a) A only
b) B only
c) A and B
d) B and C
e) A, B, and C
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7. Mrs. Kwon decides to try teaching decimals using base ten blocks. She has three kinds
of base ten blocks available to her:

When teaching place value with whole numbers, the use of the blocks seems simple. But
for decimals, it seems more complex, and she asks Mrs. Carroll next door what she thinks
the values of the blocks should be. How should Mrs. Carroll reply? (Mark ONE answer.)
a) Ones “cubes” become wholes; tens “rods” become tenths; hundreds “flats” become
hundredths.
b) Hundreds “flats” become wholes; tens “rods” become tenths, and ones “cubes” become
hundredths.
c) Either use of the blocks will work.
d) Neither use of the blocks will work.
8. Nathaniel suggested the following idea for
doing the problem:

0.23
x 95
First I ignore the decimal point and do the multiplication,
which gives me 2185. Then I use estimation to place the
decimal point. I know that 0.23 is about 1/4 and 95 is about
100 and 1/4 of 100 is 25, so my answer would be 21.85.
Which of the following is most appropriate to say about Nathaniel’s approach? (Mark ONE
answer.)
a) It happens to work in this case, but will not work for most problems.
b) It only works if one of the numbers is a whole number.
c) It works for any numbers, but some examples are harder to estimate.
d) It works equally well for all problems.
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9. Ms. Barber was reviewing her students’ division homework and saw that Chad used the
following non-standard approach to divide 127 by 7:

What is true about Chad’s approach?

a) His approach is not mathematically valid; it is a coincidence that his answer is correct.

b) His approach is not mathematically valid because he subtracted 70 from 127 instead of
subtracting 7 from 12.

c) His approach is mathematically valid, but could be inefficient with large dividends.

d) His approach is mathematically valid, but only works with single-digit divisors.
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10. Mrs. Jamieson was looking for a good problem to give her class that would produce
many solutions, but not infinitely many solutions. Which of the following would work?
(Mark INFINITE, NOT INFINITE, or I’M NOT SURE.)

a) Find fractions between 0
and 1.
b) I have pennies, nickels,
and dimes in my pocket.
Suppose I pull out three
coins. What amounts of
money might I have?
c) If Joseph has three times
as many cookies as Mary,
how many cookies could
they have altogether?

Infinitely many
solutions

Not infinitely
many solutions

I’m not
sure

1

2

3

1

2

3

1

2

3

11. Mr. Lewis was surprised when one of his students came up with a new procedure for
subtraction (pictured below), and he wondered whether it would always work. He showed
it to Ms. Braun, next door, and asked her what she thought.

How do you think Ms. Braun should respond? (Mark ONE answer.)
a) She should tell Mr. Lewis the procedure works for this problem but would not work for
all numbers.
b) She should tell him this does not make sense mathematically.
c) She should let Mr. Lewis know that this would work for all numbers.
d) She should say that this procedure only works in special cases.
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12. Which of the following is the best explanation for why the conventional long division
algorithm works, as in the following example? (Circle ONE answer.)

a) It works because you divide 37 into smaller parts of 4136 (the dividend) to make
the problem easier to solve.
b) It works because you subtract multiples of powers of ten times 37 (the divisor) from
4136 (the dividend) until you have less than 37 left.
c) It works because if you multiply 111 (the quotient) by 37 (the divisor), and add in
29, you get 4136 (the dividend).
d) It works because you subtract 37’s (the divisor) from 4136 (the dividend) until you
have less than 37 left.
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