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ABSTRACT

Image analysis, pattern recognition, and computer vision pose very interesting and challenging

problems, especially in this time when billions of images are generated and uploaded every single

day. In many computer vision systems, segmentation often is the first step in which it localizes the

objects presented in the image by partitioning the image into meaningful segments. More precisely,

image segmentation is the task of assigning discrete labels to pixels, where the label represents the

segment (or cluster) to which a pixel belongs. We express an image as a graphical model, also known

as an affinity graph, whose vertices denote pixels or regions and whose edges denote adjacency. Each

edge in the affinity graph has a weight that quantifies the similarity between the adjoining vertices.

To partition the graph, we select a threshold and discard all edges with weights below the threshold

and then form segments as path-connected regions. We can define an energy function of a segmen-

tation by adding up the weights of all edges between different segments, which is referred to as the

correlation clustering energy. Partitioning the graph to obtain a segmentation is seen as inference in

a graphical model and can be formulated as the minimization of the energy function over all possible

segmentations, an NP-hard problem. We train a deep neural network to produce the affinity graph,

whose segmentation minimizes a natural learning objective called the Rand error. For a graph with

a ground truth segmentation, the Rand error measures the pairwise misclassification error between a

predicted segmentation and the ground truth segmentation over all possible vertex pairs. We describe

an efficient mini-batch learning algorithm based on Kruskal’s algorithm and discuss two formulations

of the loss function and two graph encoding schemes used in training the neural net. We present a

novel concept, namely that during the training process we select the optimal threshold that minimizes

the correlation clustering energy function over a restricted set of segmentations given by different

thresholds. We present experiments on a synthetic dataset that illustrate that adding this extra in-

ference step to the training of the neural net causes it to learn different affinities that lead to a 5%

reduction in the Rand error on a validation set of similar synthetic images.
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INTRODUCTION

Image segmentation is the process of dividing an image into multiple parts. Typically, this is applied

to identify objects and regions or other meaningful information in the image. Many computer vision

systems in various applications employ image segmentation as the first step in understanding and

processing the image. For example, in medical imaging, image segmentation is used to locate tumors

and other organs. In autonomous driving, image segmentation involves in identifying pedestrian

detection, brake light detection, traffic lights detection, etc.

In this thesis, we study a learning framework in which a real-valued affinity score for each neigh-

boring pixel pair in an image is produced by a neural network. We regard an image as a graph where

neighboring pixels are joined by an edge and the affinities provide weights for those edges. The affin-

ity graph is then cut by the connected components procedure with a threshold parameter θ , resulting

in a segmentation of the image ([23], [28]). To infer a segmentation from the graphical model is to cut

the graph in a way that best agrees with the affinities between adjoining vertices in the graph. If the

affinity (a correlation score) between two vertices is positive or high then they should be in the same

segment and oppositely, if the affinity between two vertices is negative or low then they should be in

different segments. The connected components procedure is a simple method to get a segmentation

from the affinity graph. The procedure discards edges whose weights are below a threshold parameter

θ and then grows segments from the vertices that still have paths between them after this procedure.

While the parameter θ is usually chosen to be some measure of the center of the affinities (e.g. in this

thesis, the affinities are zero-centered and hence the baseline threshold is zero), we do vary the thresh-

old to find an optimal threshold for some assessment of quality of a segmentation. The correlation

clustering energy function for example can be used for such an assessment. Then the “best” segmen-

tation is one that minimizes the correlation clustering energy. It has been proven to be NP-hard to find

this optimal segmentation solution in general. However, if only the connected components procedure

is considered to segment an affinity graph, we can find the best connected components segmentation

in polynomial time by going through all possible thresholds for the affinity graph. While the affinities
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could for example be calculated as a function of the difference in intensities of neighboring pixels,

they can also be generated by a neural networks. If trained properly, a neural network opens doors to

produce affinity graphs that are superior to ones from fixed designs. We investigate the online stochas-

tic gradient descent maximin affinity learning [28] and the mini-batch gradient descent learning based

on Kruskal’s algorithm [23], which are two frameworks that learn to produce affinity graphs for seg-

mentations by the connected components procedure. We explore whether we can add the correlation

clustering energy idea to the existing frameworks and see whether the extra computations in finding

the best threshold for the connected components procedure can be justified by a performance gain.

The main contributions of this thesis are:

• We formulate an O(e logn) mini batch affinity learning algorithm based on Kruskal’s algorithm,

where n is the number of vertices and e is the number of edges in a connected graph. Previous

work [28] had used an O(e logn) algorithm to estimate the gradient of each of the n2 terms in

the Rand error. Our modification computes the gradient of all n2 terms in a single O(e logn)

pass.

• We introduce an inference step into connected component segmentation that, in our experi-

ments, leads to lower Rand errors and a more robust distribution of the affinities, supporting our

hypothesis that more time spent in inference improves the overall performance of the connected

component segmentation.

• We discuss how to write almost everywhere differentiable loss functions that approximate the

Rand error and can be used with the automatic differentiation feature in deep learning libraries

such as Tensorflow. We discuss two different options to map the pixel based training data to

edge affinities in a graphical model and demonstrate their performance empirically.

• Correlation clustering is NP-hard. Our algorithm uses the correlation clustering energy function

but only minimizes it over a linearly ordered set given by maximum spanning tree (MST) graph

cuts. Instead of trying to minimize the energy function over all possible segmentations, we use

the learning process to get better affinities and a different chain of segmentations in each step.

2



The thesis is organized as follows:

In Chapter 2 - “Literature review”, we describe relevant concepts that motivate our research. We

introduce the problem of image segmentation by describing some of the benchmark datasets. Then we

discuss how we consider the affinity graph as a graphical model and describe some existing inference

methods which cut the affinity graph and produce segmentations in sections 2.2 and 2.3. We consider

the correlation clustering energy function as a measurement of the quality of a segmentation (section

2.4). In section 2.5, we discuss the connected component algorithm, which plays a crucial role in

our learning framework. Since we will train a neural network to learn affinities, we first need some

background on neural networks and need to decide on the neural network architecture that we want to

use. There are many available options which we discuss in section 2.7. We then need a way to evaluate

our segmentation and some measures to serve as the learning objective for the neural network. For

this we choose a variation of the Rand index [24], called Rand error, which will be discussed in

section 2.8. We discuss an existing learning algorithms that is closely related to our work, that is, in

section 2.9 we describe the online stochastic gradient descent maximin affinity learning [28]. We then

introduce the idea of “inferning” in section 2.10.

Chapter 3 - “Methodology” lays out the original contributions that are part of our algorithm. We

describe the modification of Kruskal’s algorithm that not only constructs a maximum spanning tree

for a graph but also keeps track of how many correct and incorrect edges each MST edge adds to a

segmentation. Since we use gradient descent to optimize the parameters of the neural network, we

also need to study specifically how we define and calculate the training loss function, which is used

to make the gradient updates to the parameters of the network. The Rand error itself is not continuous

or differentiable, hence it is not suitable as a loss function. To remedy this issue, we discuss how

to design continuous loss functions that allow us to calculate gradients and allow the neural net to

learn to minimize the Rand error of the segmentations from cutting the produced affinity graphs. We

provide two suggestions that improve upon the mini-batch gradient learning algorithm [23]. At last,

we discuss the idea of “inferning”, in which we try to link correlation clustering energy and to the

existing framework.

Chapter 4 - “Implementation” is devoted to technical details of coding the learning framework.

3



First we describe how our training and test images were constructed. Then we discuss how we pre-

process the images before feeding them into the classifier. We encode a graph structure into a multi-

dimensional array (also known as a tensor), which is the main medium in machine learning libraries

such as Tensorflow [1]. The automatic differentiation in Tensorflow is also introduced in this chapter.

We rely on this automatic differentiation heavily in our implementation and for it to work correctly as

intended, we have to make sure all of our formulations are well defined.

Chapter 5 - “Results” presents our experiments and their results. We train the same convolutional

neural network architecture with two different formulations of the hinge loss function, which we call

“diff” and “hit” models. Details of theses two formulation can be found in section 3.2. We train

and validate these networks on a set of synthetic images with added Gaussian noise. We also present

results of applying the “inferning” idea to the same setup and show that this indeed reduces the Rand

error on the test images.

Chapter 6 - “Discussion” summarizes our results and describes areas where we would have liked

to have had more time for further investigation and discuss further research directions.

4



LITERATURE REVIEW

2.1 The Image Segmentation Problem

In computer vision, image segmentation is the task in which we partition an image into multiple

connected regions (i.e. set of pixels). Image segmentation is considered a low-level problem in

the sense that its goal is to decompose an image into something that is easier to analyze. Image

segmentation is usually the first module of a vision system. There are many practical applications

that take advantage of image segmentation, including medical imaging, object detection, and object

recognition. There is a large field of literature and resources available for this problem.

The learning framework in this thesis is formulated as a supervised learning problem. That is, for

each training or validation image that our framework processes, there is a corresponding ground truth

segmentation that is usually annotated by a human subject. Ideally, the learning framework can learn

from the examples of input images and target segmentation to the point where it can generalize its

“knowledge” to unknown input instances. In our context, we train a neural network to learn from a

dataset of images and their segmentations to produce a structure called the affinity graph, which will

be ultimately partitioned and give a segmentation. We describe two datasets for image segmentation:

• The ADE20K dataset [31] is free and available through the Computer Vision Group at MIT’s

website. The dataset contains more than 22,000 color images of various scenes and places and

the corresponding annotations including object segmentation masks, part segmentation masks,

and descriptions of the contents. This is rather a large dataset than can be use to train learning

framework of multiple tasks (e.g. object segmentation, segmentation as in this thesis, image

classification, image understanding, etc..). For our framework, we could use the part segmen-

tation masks as pixel ground truth labels. Each image has multiple parts segmentation masks

(figure 2.1) that indicate different level in the part hierarchy. We can be combine these into one

single mask to train our learning framework.

• The Alpert et al. Segmentation evaluation database [2] is another available choice. The database
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Figure 2.1
A sample from the ADE20K dataset with three segmentation levels: (top-right) object level,
(bottom-left) first parts level, and (bottom-left) second parts level.

contains 200 grayscale images and their color source with hand-drawn object segmentation

ground truths. The database tries to avoid ambiguities as it only considers images that clearly

depict one or two objects (figures 2.2). Also, each each segmentation ground truth is agreed

by three different human subjects to increase the consistency of the ground truth. To use this

database with our learning framework, we can consider the background and the object(s) as

segments, resulting in two or three segments per image. Being a relatively small database

and having only few segments per image, this database is worth looking into because of its

simplicity and consistency.
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Figure 2.2
Samples from the Alpert et al. Segmentation evaluation database: (left) color images, (middle)
grayscale images, and (right) object segmentations.

2.2 Inference and Graphical Models

A graphical model is a very powerful tool to represent an image segmentation problem. The use of

graphical models allows us to exploit theorems and algorithms for graphs that have been developed

over the years, especially since graph theory can be traced back to as early as 1736 [7]. Graphical

models have appeared as a popular method to model relations and processes in many physical, biolog-
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ical, social and information systems. The flexibility in using graphs can be utilized in many instances

of structured data, and imagery is among those.

Definition 2.2.1. A graphical model is a probabilistic model for which a graph expresses the condi-

tional dependence structure between random variables.

In a graphical model, the vertices represent random variables (e.g. labels of pixels) and the edges

indicate the relationship between these variables (e.g. correlations between pixels). There is more

than one type of graphical models, for example:

• Bayesian networks, also known as directed graphical models, have directed edges (i.e. each

edge points from one vertex to another). Each edge indicates which variable’s distribution is

dependent on the other’s.

• Markov random fields, also known as undirected graphical models, have undirected edges. The

interaction between two adjoining vertices has no intrinsic direction.

In graphical models for image segmentation applications, each pixel has a label li ∈ {0,1,2, ...},

which is considered a random variable. For any two neighboring vertices, there is a weighted edge

that indicates their relationship, typically their similarity. For example, we could have a 4-connected

or a 8-connected lattice graph represent an image. It is natural to use an undirected model in our

context since we want to operate in both direction of the adjacency relation (i.e. there is no necessity

to specify a directional relationship between labels of a pixels). To quantify the similarity between

the adjoining vertices, a weight, which we call an affinity, is assigned to each edge.

We refer to the weighted graph as an affinity graph. In our affinity graph, the affinities (or edge

weights) are defined by a function

A : Xi j→ R, (2.1)

where Xi j is a subset of the image that will be used by the function to determine the weight between

vertices i and j. Generally each affinity between a vertex pair is based on the neighborhood of the

pair, which could be the whole image. The affinity function (equation 2.1) might be designed as a

fixed function for specific applications or might be as flexible as a neural network.

8



Once an affinity graph is defined (i.e. the graph structure and the edge weights are defined), we can

turn to the problem of inference in graphical models, in which we wish to compute the distribution

of the random variables. In our context, we want to infer the label of each vertex of the affinity

graph, resulting in a segmentation of the image. A segmentation can thus be seen as an inference in

the affinity graph. This allows the formulation of the optimal segmentation as a minimization of an

energy function (also known as a cost function), which is defined as

Ŷ = argmin
Y

E (Y,E) (2.2)

where Ŷ is the prediction for the best segmentation, Y is a segmentaion and E is the set of all edges in

the affinity graph. One choice of the energy function E is the correlation clustering energy function,

which will be introduced in section 2.4. We note that different choices of the energy function produce

different outcomes. We now discuss some inference methods in graphical models in the context of

image segmentation.

2.3 Graph Based Segmentation

In recent years, graph-based algorithms have been getting more attention in the research community

in image segmentation and data clustering [8]. Graph-based approaches have a discrete and mathe-

matically simple representation. They are suitable for many efficient and provably correct methods

and algorithms for various tasks. A lot of work has been done on graph theory and we can utilize

existing ideas, algorithms, and theorems for specific tasks. In recent publications on graph-based seg-

mentation algorithms such as graph cuts, random walker, and shortest paths appear frequently as the

baseline.

A graph cut algorithm, formulated on a weighted graph, does exactly what its name suggests.

Given a connected graph G(V,E), the algorithm provides a set of edges whose removal partitions the

graph into sub-graphs. Here, the edge weights indicate the similarity between vertices. That is, the

pair of vertices whose edge weight is high should be in the same segment and oppositely, the pair of

vertices whose edge weight is low should be in different segments. A cut has a cost that is dependent

on the weights of edges and how the graph is cut. A basic form of such a graph cut algorithm cost
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function is defined in the min-cut algorithm, which cuts the graph into two segments A and B. The

cost for the cut is the sum of the weights of cut edges:

cut(A,B) = ∑
u∈A,v∈B

Auv, (2.3)

where Auv is the affinity (i.e. the edge weight) between vertices u and v and A and B are the two

disjoint segments. The best cut is one that minimizes the cost function. A min-cut only partitions the

graph into two sub-graphs A and B, however one can perform multiple min-cuts to get more segments.

A segmentation (i.e. labeling) is easily achieved once a graph is cut. However, the min-cut tends to

produce small isolated components [8], which is undesirable.

The normalized-cut algorithm [27], which also requires a connected graph, addresses this problem

by normalizing the cost:

Ncut(A,B) =
cut(A,B)

∑u∈A,t∈V Aut
+

cut(A,B)
∑u∈B,t∈V Aut

, (2.4)

where V is the set of all vertices of the graph and other terms are defined in equation 2.3. With this

definition, if a cut tries to partition a graph into too small segments, the cost will go up even though

some of the cut edges may have small weights. In general, the normalized-cut problem is proven

to be NP-complete [27]. There have been many proposed techniques that deal with the disadvan-

tages of normalized-cut. These techniques addresses the metrication error (i.e. “blockiness”) and the

preference for balanced partitions (i.e. sizes of segments) [8].

The random walker segmentation algorithm [13] is another graph cut method. It requires a

weighted undirected graph with labeling seeds. The seeds indicate different segments, that is, if

we expect to have n segments, there should be one labeling seed located in each segment. A ran-

dom walker is placed at each unlabeled vertex. A random walk is started at each vertex with the

edge weights as transition probabilities (i.e. the edge weight indicates the probability that the random

walk will move from one vertex to the other). A diffusion process is initialized with the labeling

seeds as tracers. Each vertex is assigned to the label of the seed which the random walk most likely

reaches first. Here, the edge weights affect the decisions of a random walk. In image segmentation,

these edge weights should tailor the random walk to avoid crossing region boundaries, hence edges at
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region boundaries should have lower probabilities to be crossed than edges inside each region. In gen-

eral, the method provide a stable solution that is robust to perturbations. However, since the method

depends heavily on the prior (i.e. the labeling seeds), it is a disadvantage that this method needs an

expert to assign the seeds in applications where it is difficult to algorithmically assign those or when

the number of segments is not predetermined.

The shortest path algorithm uses foreground seeds and background seeds. A vertex is labeled as

foreground if there is a shorter path from that vertex to one of the foreground seeds than to any of

the background seeds. This algorithm also requires a weighted graph, although it could be directed

or undirected. The weights can be interpreted similarly to ones in graph cut and random walker. This

approach is fast and relatively easy to understand and implemented. It also does not suffer from the

problem of small isolated regions. However, it also has a strong dependence on the seed assignment

as the random walker algorithm and is more likely to cross weak object boundaries because only a

single shorter path is required for label assignment [8].

2.4 Correlation Clustering

Correlation clustering seems a natural and intuitive concept, but surprisingly only goes back to a 2002

paper [4] by Bansal et al. or [5]. It was driven by wanting to sort documents into groups. Their

motivation was to overcome two major shortcomings of other clustering methods. First, the number

of clusters is not predetermined as it would be, for example, in k-means clustering. Secondly, it is

not based on Euclidean distances between data points, which in high dimensions can suffer from the

“curse of dimensionality” – a term coined by Bellman in 1961 - where the indegree distribution of the

k-nearest neighbor directed graph becomes skewed due to the emergence of hub points that appear

in many k-nearest neighbor lists. This affects clustering if the feature vectors for each vertex are

high-dimensional. Redundant information in the feature vector can also negatively affect clustering

methods. Instead of the Euclidean distance, correlation clustering uses the correlation between two

feature vectors or vertices. Such affinities Ai j between vertices vi and v j can be decomposed into their

sign and their magnitude. A positive sign indicates that the vertices should be in the same segment

and the magnitude can be interpreted as a probability that the sign is chosen correctly. This allows
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the interpretation of noise in the affinity function. The clustering has to try to remove this noise. A

comprehensive but basic survey of correlation clustering methods is given in [21].

The goal in correlation clustering is to maximize the number of positive edges inside clusters and

the number of negative edges between clusters, which is called “maximizing agreements”. Equiva-

lently one could try to minimize disagreements. Originally correlation clustering was designed for a

fully connected graph. One important basic fact is that if there is a perfect clustering, it is easy to find

by deleting all negative edges. Another important basic fact is that if the graph contains a triangle with

two positive and one negative edge, there is no perfect clustering. Finding the optimal solution of the

correlation clustering problem has been shown to be NP-hard, meaning it is equivalent to a number of

other problems for which no polynomial time solution is known. In [5], the authors prove NP hardness

of reducing disagreements for the unweighted case by reducing the problem of partition into triangles

– which is known to be NP-hard - to the problem of minimizing disagreements. Instead of looking for

the exact solution, approximate solutions are used for correlation clustering. Various approximations

have been proposed. In 2004, Bansal et al. proposed a constant factor approximation for minimiz-

ing number of disagreements. It produces a 3-approximation. When a 3-approximation is applied

to two clusters (the best case), if the graph representing the vertices of the two clusters contains k

edges which are treated opposite to the sign of their affinity, then the approach used for minimizing

disagreements will produce at most 3k such mistakes. For an n-approximation, the algorithm will

produce not more than nk mistakes.

Another approach in [5] is a polynomial time approximation for maximizing agreements. The goal

is to obtain a clustering having at most εn2 fewer agreements than the optimal clustering, provided

that the optimal clustering has at least n(n− 1)/4 agreements and has non-singleton clusters having

size greater than εn.

For a fully connected graph one can regard minimizing disagreements as a linear programming

problem, also in [5]. Let Xi j ∈ {0,1} be the variable defining which edges are cut: if the edge ei j is

within a cluster, Xi j = 0 and if the edge e joins two clusters Xe = 1. We write the set of positive edges
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as E+ and the set of negative edges as E−. The linear program can then be written as

Minimize ∑
e∈E+

AeXe + ∑
e∈E−

Ae(1−Xe)

subject to the constraints

Xi j ∈ [0,1]

Xik +Xk j ≥ Xi j

Xi j = X ji

Then they use a process called rounding to construct a segmentation from the Xi j in which regions

are grown in a way that avoids disagreement within clusters. A termination condition of a O (log(n))

approximation is placed on the region growing procedure.

Another way to define correlation clustering is in terms of inference in graphical models.

E (Y,E) = ∑
ei j

I(yi 6= y j)A(Xi j), (2.5)

where Y denotes the set of labels, each yi ∈ Y denotes the label of vertex i, and A(Xi j) denotes the

affinity function (equation 2.1). Here, I(yi 6= y j) is the indicator function that gives 1 if yi 6= y j and

0 otherwise. In the context of correlation clustering, each affinity is in [−1,1] and its sign denotes

whether the edge should be cut and its magnitude indicates the confidence of the decision. In the later

discussions, we interpret our affinity graph as in correlation clustering but do not require the affinities

to be bounded.

2.5 Inference with Connected Components and Correlation Clustering

The connected components segmentation (algorithm 1), which was mentioned earlier, is a two-step

procedure that partitions a weighted graph based on a fixed threshold θ : (1) discard the edges with

affinity weights less than θ , and (2) iterate through the resulting graph to locate connected compo-

nents. The algorithm is good at identifying blobs of vertices that are connected by edges whose

affinities are higher than the parameter threshold θ . While it is a relatively easy to understand and to

implement algorithm, the connected components segmentation does has weaknesses. The algorithm
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tends to produce small isolated segments at the boundaries where the similarity between vertices is

lower. Also, it can under-segment (i.e. make too few segments) badly in a noisy affinity graph because

only one edge whose affinity is higher that the threshold is enough to connects two segments.

Data: A weighted undirected graph G(V,E) whose Ae is the weight of edge e and a threshold θ

Result: A set of vertex-label pairs for all vertices
1 L is initialized to an empty collection of (key,value) pairs, or a dictionary;
2 i = 0;
3 for each e in E do
4 if Ae < θ then
5 delete e;
6 end
7 end
8 for each v in V do
9 if v is not in L then

10 C = {traversed vertices in G from v} ;
11 for each u in C do
12 add (u, i) to L;
13 end
14 i← i+1
15 end
16 end
17 return L

Algorithm 1: The connected components procedure.

Lemma 2.5.1. Applying the connected components segmentation with threshold θ to a weighted

graph produces the same segmentation that would be obtained by applying the connected components

segmentation with threshold θ to a graph with the same vertices, but only the edges that form a

maximum spanning tree for the graph.

Proof. Assuming the procedure is applied to a maximum spanning tree (MST) of a weighted undi-

rected connected graph (assuming the edge weights are not necessary unique, there might be more

than one MST), consider any two vertices u and v afterward in the cut MST, two cases are possible:

• Case 1: u and v are in the same segment of the cut MST. On the cut MST graph, the path that

connects u and v must consist of edges whose weights exceed the threshold θ . Hence, if the

procedure is applied to the original graph directly, there exits at least one path that connects u
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and v must consist of edges whose weights are all greater or equal to the threshold θ so u and v

are in the same segment.

• Case 2: u and v are in different segments of the cut MST. On the cut MST, there is no path

between u and v. If the connected components procedure is applied to the original graph, and

u and v are in the same segment, then there is at least one path on the cut graph that connects

the two vertices. Edges on the path have weights greater than or equal to θ . Adding all edges

of this path (ignoring ones that are already on the spanning tree) to the uncut MST will create

some cycles in the MST graph. For each cycle, we can delete one edge whose weight is smaller

than the added edge’s (there must be such an edge otherwise we would have a path between u

and v on the cut MST). In this fashion we have constructed a new spanning tree whose sum of

edge weights is larger than sum of edge weights of the original MST, which is a contradiction.

Therefore, u and v must be in different segment in the cut graph.

We propose to use the connected components segmentation method to simplify the NP-hard cor-

relation clustering problem: we try to learn an affinity function that is geared towards simplifying

the optimization by reducing the noise in the affinities. In particular, we want to use the connected

components algorithm, which is based on a simple thresholding of the affinity function instead of a

more elaborate optimization process to minimize disagreements in the clustering. We hope to offset

the restriction in the model space by learning a better affinity function.

By Lemma 2.5.1, the connected components procedure for a given set of edge affinities can only

produce a limited subset of all possible segmentations as the threshold parameter θ varies. Specifi-

cally, the maximum spanning tree of a graph has (‖V‖−1) edges so there at most ‖V‖ different ways

(including keeping all edges and not cutting any edge) to segment the spanning tree, or equivalently

the graph. Here, V is the set of all vertices in the graph. For each of the possible connected com-

ponents segmentations we can calculate the value of the correlation clustering energy function. In

the end, we can pick the threshold that gives the lowest value of this function as the segmentation
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threshold varies. In this manner, we are minimizing the correlation clustering energy function, but

only over an increasing family of at most ‖V‖ segmentations, not over all possible segmentations.

Calculating the correlation energy given a segmentation using a brute-force algorithm takes O(‖E‖),

where E are the set of edges in the affinity graph. If the graph is lattice, this is equivalent with

O(‖V‖2), where V is the set of vertices in the affinity graph. Hence for fixed affinities, we can find

the best segmentation produced by the connected components procedure in polynomial time while the

original correlation clustering problem, which considers all possible segmentations, is NP-hard. The

method outlined above is an approximation to the actual minimization of the correlation clustering

energy function, constrained by the connected components procedure.

The connected components procedure has some interesting properties. If there is no confusion

in the affinity graph, that is, if there is no conflicting affinities, the connected components procedure

with θ = 0 gives the optimal segmentation that minimizes the correlation clustering energy. On the

other hand, the set of segmentations produced by the connected components procedure is invariant to

the shifting of all the affinities. That is, suppose we get a segmentation Y by applying the connected

components procedure with a threshold θ to a graph, if all affinities of this graph are shifted by a fixed

amount, we can retrieve Y by shifting the threshold by the same amount. This is directly observed

from the definition of correlation clustering energy (equation 2.5).

2.6 Learning and Segmentation

In machine learning, supervised learning is a task where a function is learned from examples of pairs

of input and output. A supervised learning algorithm can be arbitrarily complex, but overly complex

models tend to overfit the data. This means the model generates the correct outputs for the training

inputs, but does not generalize to unseen test inputs in a reasonable fashion. At its best, the learned

function will be able to generate an output based on an input correctly, even with unseen instances.

This requires the learning model to have the ability to generalize its “knowledge” from the examples

reasonably. One choice of the learning model is a deep neural network. For image processing, deep

neural networks have been shown to be very effective in specific tasks (e.g. image segmentation, im-

age classification, image context understanding, etc...) given enough training examples and a proper
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training process [14].

In sections 2.3, 2.4 and 2.5, we discussed ways to cut an affinity graph and achieve a segmentation,

assuming that the affinity graph is defined and each affinity reflects how similar the adjoining vertices

are. We now turn to the problem of generating an affinity graph for a given image. As mentioned at

the end of section 2.2, the affinity between vertices i and j is a function of a neighborhood around

the two vertices (equation 2.1). The function can be predefined for specific applications (e.g. affini-

ties based on the `1-difference in the intensities, or affinities based on an edge detector [11], etc...).

However, these predefined affinities often suffer from noise and hence the quality of segmentations

obtained by cutting the affinity graph is not guaranteed. We are interested in using a deep neural net-

work, especially ones that utilize convolutions, to produce affinities for images which result in good

segmentations when the connected components procedure is applied to the resulting affinity graph.

This has been previously shown to be effective in [28] and [29]. To do this, we need to decide on a

neural network architecture, a learning objective, and a learning algorithm (i.e. the loss function). We

continue to discuss these in some existing works on these subjects in the next sections.

2.7 A Learning Model: Neural Networks, Convolutional Layers, and the U-net

Much of this introduction to neural networks is based on [20]. In machine learning, a neural network

is one among many classification algorithms. A basic unit in a neural network is a perceptron. A

perceptron takes in several inputs x1,x2,x3, ..., and produces a single output (figure 2.3). Just like a

Figure 2.3
An illustration of a perceptron. Adapted from [20].

biological neuron, a perceptron can decide whether to “fire” or not to, given the inputs. A simple way
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to model this behavior was proposed in [26]. The neuron’s output is dependent on the weighted sum

of the inputs ∑i wixi. The neural will “fire” if this sum exceeds a threshold. If we consider the output

to be a binary variable, a mathematical model of a perceptron is:

output =


0 ∑i wixi ≤ threshold

1 ∑i wixi > threshold
(2.6)

In practice, a single perceptron can be viewed as a binary classifier. Obviously, it is not complex

enough to do anything other than binary classification. However, we can stack up many perceptron

together and form a layer of perceptrons as well as stack up these layers a form a more complex

network. Figure 2.4 is an illustration of a three layer neural network.

Figure 2.4
An illustration of a multi layers perceptron neural network. Adapted from [20].

Often, the output of a perceptron is paired with a smooth activation function - a differentiable

version of the step function (2.6). This combination is usually referred to as sigmoid neurons due to

the fact that the activation function is taken from the sigmoid family of functions. A sigmoid function

is a bounded, differentiable, real function that is defined for all real input values and has a non-negative
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Figure 2.5
The logistic activation function, a smooth version of the binary step function that outputs {0,1}.
Adapted from [20].

derivative at each point ([15]). An example of an activation function is the logistic function:

σ(z) =
1

1+ e−z (2.7)

Then, with the adaptation to vector forms and the use of a bias instead of a threshold, the formu-

lation of a sigmoid neuron is:

output = σ(wT x+b) (2.8)

The output of a sigmoid neuron is not binary, but any real number between the bounds (they are

0 and 1 in the logistic neuron example). One way to interpret this output is to look at it as the chance

for the neuron to “fire”. For example, an output of 0.851 means that there is 85.1% chance that this

neuron will “fire”. Roughly speaking, this activation function allows the algorithm to track what will

happen to the output when a small change is made in any parameters wi. Then, given a target and

the output of the current state of the neural network with a smooth activation function, we can use a

back-propagation algorithm to let the network adjust itself to produce “more” correct output when it

takes some “similar” inputs again. Note that we use the word “similar” with the meaning that there
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might be a small change in the inputs that the network has seen. In statistical learning, this process

is called fitting a model, or learning a neural network in our context. In designing a neural net, it is

common to test and compare as many combinations of number of layers, number of neurons per layer,

and the activation functions as possible to determine the best network architecture for a problem. As

the number of layers gets larger and the interaction between layers gets more complex, people usually

call the network a “deep” neural net.

When it comes to image processing tasks such as image segmentation, image classification, or

image filtering, a fully connected neural network (FCN), which describes an architecture in which

only sigmoid neurons are used, is not recommended [17]. For example, if we feed an image of 100

pixels into a fully connected neural network that contains 100 neurons, each neuron will have 101

parameters (1 bias) and the total number of parameters is 10100. The point is that a model with a

large number of parameters might be too powerful for a dataset, in the sense that it may have the

ability to learn and express all the the data that it has been trained on while losing the ability to

generalize to new instances [20]. This is called overfitting.

Convolutional neural networks (CNN) [17], which use the matrix convolution operation, have

additional interesting properties, namely shift-invariance and space-invariance, along with a reduced

number of parameters as compared to FCN. One of the very first convolutional networks was proposed

in [17]. It was successfully applied to recognize hand-written ZIP codes from a U.S. Postal Service

dataset. The most distinguishing feature of a convolutional layer as compared to an FCN layer is that

the parameters are shared across the inputs.

For example, given an 1D input that contains 10 elements x1, ...x10, a 1D convolution neuron with

filter of size 2 will have 3 parameters w1,w2,b. The output of this neuron will be

output = σ





w1 · x1 +w2 · x2 +b

w1 · x2 +w2 · x3 +b

...

w1 · x9 +w2 · x10 +b




, (2.9)

where the transfer function σ is applied componentwise. In comparison, a fully-connected layer

would have 11×10 parameters (i.e. 10 neurons with 11 parameters each).
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An example of a single channel 2D convolution operation is illustrated in figure 2.6. In convo-

lutional neural networks, the kernels of the convolution layers are variables that the network has to

learn. Such a single-channel convolution produces a matrix of the same size or of a size reduced

by the distance of the convolution map center to its edge. For a 2D convolution on a multichannel

image (i.e. a 3D volume), each channel is individually convolved with a 2D kernel and then all the

coefficients are added up with a bias and a transfer function is optinally applied to form a pixel value

in the output of the operation. The result of such a multichannel convolution is a one-channel image.

These multi-channel convolutions are used in deep neural networks. In practice, given a H×W ×C

volume, to apply a 2D convolution on this, one must decide on the number of filters K, their spatial

extent F (i.e. the size of each kernel), the stride S, and the amount of padding P. The convolution then

produces a volume of size H∗×W ∗×C∗, where H∗= (H−F+2P)/S+1, W ∗= (W−F+2P)/S+1,

and C∗ = K. In a multilayer neural network, we call this a 2D convolution layer with K filters of size

F by F , stride S, and P padding.

The transpose-convolution, also known as inverse-convolution or up-convolution ([9]), as its name

suggest, it is defined as the inversion of a convolution. It maintains a one-to-many operation rather

than a many-to-one operation. In [9], the authors describe the details and provide examples of this

operation. In practice, the transpose-convolution is usually used in an upsampling layers of deep

CNNs, especially ones that process images.

In CNNs, it is also common to have some pooling layers, which non-linearly down-sample the

inputs. An example is the max pooling operation ([32]), which outputs the maximum element in a

neighborhood. The most common form of the max pooling layer in modern deep network have kernel

of size 2× 2 and stride 2 (i.e. the window moves by 2 units in each step/direction), which reduces

the size of each axis of the input by half, i.e. to dismisses 75% of the information of the input in

a 2-dimensional image. There are several other types of the pooling operations, including average

pooling, `2-norm pooling, and weighted average pooling. A typical setup for a CNN consists of at

least one convolution layer, a non-linear activation function, and finally a pooling layer.

The U-net is a deep CNN that was designed for biomedical image segmentation, proposed in [25].

It learns to do segmentation in an end-to-end setting: it takes an input image in and produces the
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Figure 2.6
An example of a single channel 2D convolution in neural network with kernel of size 2×2, stride 1,
where only the “valid” part of the input is used, (i.e. no padding to the input). The input is a 3×4
matrix and the output is a 2×2.. Adapted from [12].

corresponding segmentation output. This is quite different to what to what we are doing. We want

the network to produce an affinity graph that will be cut by the connected components procedure (or

other graph-cut techniques). The architecture of U-net is illustrated in Figure 2.7.

Similar to other deep CNNs, the U-net consists of several different operations, namely 2D-convolution,

max pooling, and upsampling, cropping, and concatenation. Each operation is presented as a colored

arrow. At the start, an image is fed into the network and propagated through all the arrows and at the

end, an output segmentation map is formed. Most operations are convolutions with a 3 by 3 kernel

followed by a non-linear activation function. One of the important design choice that the authors men-

tion is that only the valid part of the input to the convolution is used, which means a 1-pixel border is
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Figure 2.7
U-net architecture with input image of shape (572x572x1). Adapted from [25].

lost after each convolution operation (see Figure 2.6).

At a high level, the U-net consists of a “contractive” path, which consists of four “encoding”

blocks, and an “expansive” path, which consists of four “decoding” blocks [25]. The “contractive”

path is similar to the common set-up of a CNN. There are several 3× 3 convolutions with the reLU

activation function, all followed with max pooling layers. The reLU activation function is defined as

reLU(x) = x+ = max(0,x) (2.10)

where x is a tensor, also known as a multidimensional array (e.g. a vector, a matrix, etc...) and

the max operation is applied to each element of x. Along the “contractive” path, while the size of

the meta-images (the tensors that are being propagated) is designed to decrease gradually due to the

effects of valid convolution and max pooling layers, the number of channel increases with more and

more number of kernels. In a symmetrical fashion, the “expansive” path does the exact opposite thing
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as compared to the “contractive” path. The “expansive” path uses upsampling layers to increase the

size and uses 1×1 convolution layers to reduce the number of channels of the meta-images from the

results of the “contractive” path. Intuitively, along the “contractive” path, the network are learning

more the “what” and less the “where” of the features of the input images, while along the “expansive”

path, it learns how to infer from a low-resolution to a higher-resolution meta-images. Overall, the

U-net takes in images and produces output segmentation masks of slightly smaller size than the input

images.

In our implementation, we use a smaller scale variation of the U-net architecture described above.

For our mini U-net model, we use one “encoding” block, one “decoding” block, and the center block.

We use “same” padding option provided by Tensorflow so that the results of the convolutions have

the same shape as the inputs. At the end, we add a 2D-convolution with two 3 by 3 filters and no

activation function. Ultimately, the mini U-net we use takes a (meta) image and produces a set of

affinity matrices whose shape is the same as one channel of the input image and whose elements are

horizontal and vertical affinity predictions that represent a 4-connected lattice graph.

Assume the input tensors have the shape H×W ×C:

• The encoding block starts with the size H×W ×C input tensors. It consists of two consecutive

multichannel 2D convolution layers on with reLU activations (equation 2.10). Each convolution

layer uses 16 filters of size 3 by 3 (i.e the shape of the kernels are 3×3×C), a stride of 1, and

“same” padding. One copy of the output of these convolutions is passed to the decoder block.

For the other copy, we apply a max pooling layer with a 2 by 2 filter and a stride of 2 and pass

it to the center block. The encoding block passes two tensors to the latter blocks: one of shape

H
2 ×

W
2 ×16 that is passed to the center block and one of shape H×W ×16 that is passed to the

decoding block.

• The input to the center block is a size H
2 ×

W
2 ×16 tensor from the encoding block. The center

block has two consecutive convolution layers but uses 32 filters and no max pooling layer

follows. The center block produces an output of shape H
2 ×

W
2 × 32. This is passed to the

decoding block.
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• The decoding block has two inputs: one is the output from the convolutions of the encoding

block (a H×W ×16 tensor) and one is the output from the center block (a H
2 ×

W
2 ×32 tensor).

It first uses an upsampling layer (i.e. a deconvolution or transpose convolution layer) with 16

filters of size 2 by 2, stride of 2, and “same” padding on the input from the center block, which

produces a tensor of shape H ×W × 16. This is then concatenated with the input from the

encoder block, producing a H×W × 32 tensor which goes through a reLU activation. This is

then followed by two consecutive convolution layers as in the encoder block with 16 filters.

Finally, the decoder block produces an output of shape H ×W × 16 that is passed to the last

layer.

• The last layer is a multichannel 2D convolution layer with 2 filters of size 1 by 1 (i.e. the shape

of the kernels is 1× 1× 16) with a linear activation function. This takes the input from the

decoding block and produces the final output of shape H×W ×2. This last layer is equivalent

to two independent weighted sums of all the channels of the input tensors, hence reduces the

input tensor from 16 channels to 2 channels.

2.8 A Learning Objective: Rand Error for Segmentation Evaluation

The Rand Index was proposed in [24] as an objective criterion to evaluate clustering methods. It

measures the similarity between two clusterings. For image segmentation, we use a variation of the

Rand index, namely the Rand error (RE), which counts all differences between two segmentation over

all possible pairs of vertices. It is defined as

RE(Ŷ ,Y ) =
(
‖V‖

2

)−1

∑
i< j

I(ŷi 6= ŷ j)I(yi = y j)+ I(ŷi = ŷ j)I(yi 6= y j), (2.11)

where Ŷ and Y respectively, are the predicted and ground truth segmentation labels and V is the set of

all vertices in the graph. Here, we use the same indicator function I as in equation 2.5.

Pairs of vertices with I(ŷi 6= ŷ j)I(yi = y j) = 1 are false negatives, (i.e. vertices are predicted to

be separated but in the ground truth are in the same segment). For false negatives, the prediction

oversegments, resulting in too many segments. Pairs with I(ŷi = ŷ j)I(yi 6= y j) = 1 are false posi-

tives (i.e. vertices are in different segments in the ground truth but are in the same segment in the
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prediction). For a false positive, the prediction undersegments, resulting in too few segments. The

Rand error adds the number of false positives and false negatives and is normalized by the number of

vertex pairs, hence it takes a value between 0 and 1. RE = 0 means that the two segmentations are in

total agreement; and, RE = 1 indicates that the two segmentations are in total disagreement, in other

words, the two do not agree on any pair of vertices.

The Rand error is very dependent on the number of segments. If the ground truth has many

segments, false positives are likely to happen, whereas if the ground truth has few segments, false

negatives are the main source of error. Given that the graph is 4-connected, below are some extreme

cases that highlight how the Rand error behaves:

• If the ground truth has one segment and the prediction also has one segment, meaning every

vertex is in the same segment then there is no error and RE = 0.

• If the ground truth has one segment and the prediction has two segments with an equal numbers

of vertices in each segment, then there are ‖V‖
2

4 false negatives and no false positives. Note that

this is the worst possible scenario for a ground truth with just one segment.

• If the ground truth has one segment and the prediction has ‖V‖ different segments, meaning

each vertex is in its own segment. Then the total number of false negatives is
(‖V‖

2

)
, there is no

false positive, and RE = 1.

• If the ground truth has ‖V‖ segments and the prediction has one segment: there are
(‖V‖

2

)
false

positives and no false negatives and RE = 1. This is equivalent to the previous case, since the

Rand error is symmetric between ground truth and predicted segmentation.

• If the ground truth has ‖V‖ segments and the prediction has two segments with equal numbers

of vertices in each segment then there are 2×
( ‖V‖

2
2

)
false positives and no false negative.

• If the ground truth has ‖V‖ segments and the prediction also has ‖V‖ segments, then there is

no error and RE = 0.

• If one vertex inside a ground truth segment of size k becomes its own segment in the prediction,

then there are (k−1) additional false negatives.
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• If the label of one vertex at the boundary of two ground truth segments changes from one to

the other in the prediction (from the label of segment of sizes k and to the label of segment of

size m), then there are k− 1 additional false negative (incorrectly split from segment k) and m

additional false positive (incorrectly merge with segment m).

We can now move on to discuss an online stochastic gradient descent learning algorithm that

allows a neural network to learn to produce affinity graphs whose segmentations by the connected

component procedure (2.5 have a low Rand error.

2.9 A Learning Algorithm: Maximin Affinity Learning

It is very hard to optimize the Rand error directly for any assignment of affinities to edges due to the

fact that we will have to consider all possible pairs of pixels in our image plus the issues arising in

the transformation from an affinity map to a segmentation. In [28], the authors choose to relax the

problem by considering maximin affinities of pairs of any two vertices. A maximin affinity between

vertices i and j is defined as

A∗i j = max
P∈Pi j

min
(k,l)∈P

Akl, (2.12)

where Pi j denotes the set of all the paths between vertices i and j. The connected components algo-

rithm uses these maximin affinities to settle contradictions in the affinity graph, where one path may

suggest to connect two vertices and another may suggest to separate the same pair. If the maximin

affinity A∗i j between two vertices exceeds a given threshold θ , then these two vertices are connected in

the connected components segmentation, since there exists at least one path connecting vertices i and

j whose minimum edge weight exceeds θ . This does allow for other paths between the two vertices

that have a negative minimum weight. One can view that as favoring connecting over cutting, since no

matter how strong the evidence along some paths for separating the vertices may be, one path with a

large enough minimum weight will ensure that the vertices are connected. If we start with correlations

as affinities, then the natural threshold would be zero, but through the maximin process small noise

in the affinities can lead to mergers of a large number of vertices. Hence when using the connected
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component procedure, zero might not be the best threshold to use. This observation brought up the

idea of using inference in the training process.

If the connected components algorithm with threshold θ is used on a graph then the Rand error

can then be written as

RE(Ŷ ,Y ;W ) =

(
‖V‖

2

)−1

∑
i< j

I(ŷi 6= ŷ j)I(A∗i j ≥ θ)+ I(ŷi = ŷ j)I(A∗i j < θ). (2.13)

We note that we use the same indicator function I as seen earlier, which takes values in {0,1} and ŷi

denotes the predicted label of pixel i. We need to convert this definition to a continuous loss function.

First, we observe that the difference between the characteristic functions I(ŷi = ŷ j)− I(A∗i j ≥ θ) can

take values in {−1,0,1}. It takes the value zero for a pair of vertices for which ground truth and

connected component segmentation agree. For a false positive it takes the value −1 and for a false

negative it takes the value +1. Hence the function |I(ŷi = ŷ j)− I(A∗i j ≥ θ)| takes the value 1 for a

segmentation error on pair (i, j) and for a correct segmentation this function takes the value 0. This

allows us to rewrite equation 2.13 as

RE(Ŷ ,Y ;W,θ) =

(
‖V‖

2

)−1

∑
i< j
|I(ŷi = ŷ j)− I(A∗i j ≥ θ)| (2.14)

This loss function has jump discontinuities which makes optimization by gradient descent impossible.

To make the loss continuous and suitable for gradient learning, Equation 2.14 can be relaxed by

using a continuous loss function such as the mean square loss or the hinge loss in place of |I(ŷi =

ŷ j)− I(A∗i j ≥ θ)| ([28]). The hinge loss for example uses the fact that the affinities Ai j lie in the

interval [−1,1] and the threshold θ is in the interval [0,1]. If we rescale the characteristic function

for the ground truth from {0,1} as the range to {−1,1} by using 2I(ŷi = ŷ j)− 1 and use the actual

difference between maximin affinity A∗i j and threshold θ instead of the characteristic function I(A∗i j ≥

θ), then a positive product
(
2I(ŷi = ŷ j)−1

)
(A∗i j− θ) would indicate a correct segmentation and a

negative product would indicate an incorrect segmentation. The further the maximin affinity is from

the threshold, the more negative this quantity gets.

1−
(
2I(ŷi = ŷ j)−1

)
(A∗i j−θ) =


1− (A∗i j−θ) if ŷi = ŷ j

1− (θ −A∗i j) if ŷi 6= ŷ j.

28



This quantity equals 1 if the maximin affinity equals the threshold and is zero if the maximin affinity is

one unit away from the threshold in the correct direction (i.e. above for ŷi = ŷ j and below for ŷi 6= ŷ j).

If the maximin affinity is on the wrong side of the threshold, then this quantity exceeds one. To avoid

negative losses, we define the hinge loss below:

l(I(ŷi = ŷ j),A∗i j) = max
(
0,1−

(
2I(ŷi = ŷ j)−1

)
(A∗i j−θ)

)
(2.15)

Denote by l(I(ŷi = ŷ j),A∗i j) be such a continuous loss function that approximates our loss function.

With this hinge loss, we obtain a continuous approximation to the Rand error:

REA(Ŷ ,Y ;W,θ) =

(
‖V‖

2

)−1

∑
i< j

l(I(ŷi = ŷ j),A∗i j) (2.16)

This Rand error loss function is the loss function we want to minimize by learning affinities A∗i j.

In Turaga’s paper [28], online stochastic gradient learning is used to learn the affinities. In each

iteration of the learning process, a random pair of pixels is chosen, the maximin affinity between

them is computed as a function of the parameters in the CNN. The gradient of the loss function

l(I(ŷi = ŷ j),A∗i j) with respect to all the parameters is then computed in order to minimize the loss

function. If W denotes all the parameters, then for each iteration, the gradient descent updates them

in the following way, which involves finding the maximin edge between vertices i and j:

W ←W −η
∂

∂W
l(I(ŷi = ŷ j),A∗i j). (2.17)

This online learning method is presented by Turaga as a trade-off between speed and performance

of the classifier. It takes O(‖V‖ log‖E‖) to find the maximin affinity between a pair of vertices and

estimate their gradient. However, the number of pairs is quadratic, which would require multiple

iteration of this learning process to cover all possible pairs of vertices.

2.10 Inferning

“Inferning” is a name used in a number of machine learning workshops for research that focuses on

the intersection of inference (sections 2.2 - 2.5) and learning (sections 2.6 - 2.9). Inference algorithms

are those that use a model to make some predictions about the input data and learning algorithms are
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those that estimate the parameters of a model of the data. Understanding the interactions between

the two is of theoretical and practical interest to advance the state of the art on various tasks such

as computer vision, natural language processing, etc. In general, there are two directions: how the

choice of an inference method affects the training process of a model and how the learning objective

(that motivates inference algorithms) impacts the quality of the final prediction.

In our context, inference focuses on the optimization of an objective function (e.g. an energy

function) of affinities between adjoining vertices. Graph inference methods are well defined and offer

nice theories and analysis (including running time and error analysis). However, a noisy affinity graph

(where lots of confusions exist) would decrease the performance of a graph-based inference methods

badly.

Recent developments in deep learning have greatly pushed the performance of computer vision

systems and learning frameworks in various tasks, including segmentation. The U-net mentioned in

section 2.7 is an example of an end-to-end model which achieves very good performance on biomed-

ical image segmentation tasks. Even though end-to-end models such as U-net can work very well for

some specific tasks, it is still a challenge to develop theories and uncertainty analysis for them. In our

context, we refer to using deep neural networks to learn a specific task (e.g. producing affinities) as a

learning approach.

Inference and learning are complementary tasks, and can be used in combination to improve

performance. Learning is typically an offline process, using large labeled training sets. Inference is

typically online and can help models adapt to the data at hand. Inferning refers to the situation where

we have learning with inference in the loop. As we have described, when considered independently,

learning and inference typically involve NP-hard optimization problems. In combination, we have two

NP-hard problems to contend with (motivating the title inferning), but this also opens up opportunities

for new methods that trade off performance between the two problems in particular applications,

which motivated this thesis.

Both inference and learning can be efficiently done and provide good results on various computer

vision problems, under their favorable conditions. Inference in graphs requires accurate affinities in

order to perform well. The corresponding affinity graph of a given image is designed for specific
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applications, depending on the to-be-used inference method, the type of the input image, preferences

for probable solutions (e.g. do we prefer to over-segment or under-segment?), etc... Traditionally,

the functions that map images to affinity graphs are simple. That is, they only compute an affinity

by looking at the two adjoining vertices (e.g. absolute difference in intensities, Gaussian weighting

functions, etc...) or a very small neighborhood around the two vertices (e.g. an edge filter uses a 3

by 3 neighborhood). Hence, these functions take little or no advantage of spatial information, which

is crucial in image analysis and processing. They also lack the ability to handle noise. Unlike vision

systems with inference approaches, systems with end-to-end learning approaches can handle almost

everything (e.g. noisy complicated images), granted enough training examples and well-defined learn-

ing objectives. The biggest reason that makes people hesitate to use these systems is that there are not

enough theorems and error estimates to guarantee their performance or to bound their errors.
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METHODOLOGY

3.1 Learning with Rand Error and Kruskal’s Algorithm

While the original maximin procedure for the connected component segmentation as described in [28]

is done on the whole graph (generally a 4-connected graph of the image), an equivalent result could

be achieved with a maximum spanning tree (MST) of the original weighted graph. This is based on

the fact that the maximin affinity between two vertices is an MST edge. This fact suggests that we

can leverage Kruskal’s algorithm to efficiently compute the Rand Error for a connected components

segmentation.

Kruskal’s algorithm [16] is a greedy algorithm that finds a maximum spanning tree (MST) for a

connected weighted graph. It first sorts the weighted edges in decreasing order. In each step, the edge

of highest weight that does not create a cycle in the tree is added to the spanning tree. Kruskal’s algo-

rithm can be efficiently implemented using the Disjoint Set, or Union-Find, data structure. This data

structure keeps track of a set of elements partitioned into a number of disjoint subsets. It maintains a

collection Q of disjoint sets Qi. A unique element, called the canonical element, represents a set Qi

it belongs to. For example, in our case, each subset Qi represents a segment and has vertices as its

elements; the union of all subsets Qi makes up the whole set of vertices. There are three important

operations:

• MakeSet(vi): make a new set Q j that contains vi and add it to the collection Q, given that vi is

not already an element of Q.

• FindCanonical(vi): find and return the canonical element of the set containing vi.

• Union(vi,v j): given that vi and v j are in different subsets, Qi contains vi and Q j contains v j, and

they are not necessary the canonical elements, then in this operation the two sets Qi and Q j will

be removed from the collection Q, the union Qk = Qi ∪Q j will be added to the collection Q

and a new canonical element is selected in Qk.
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In Kruskal’s algorithm, if vertices u and v are already in the same component (i.e. in the same

subset Qi of Q), then connecting vertices u and v would create a cycle. To avoid cycles, we initialize

the collection of component sets Q as a collection of one-element sets for each vertex in the graph and

merge components Qi when an edge is added. This is the MakeSet(vi) operation. Each component has

one representative vertex, found by FindCanonical(vi). When two components merge, one of the rep-

resentatives is chosen as the representative for the new component through the Union(vi,v j) operation.

Hence, to check whether two vertices u and v are in the same segment, we check if the representative

vertices of the components that u and v belong to are the same. Comparing FindCanonical(u) and

FindCanonical(v) will fulfill this.

Algorithm 2, proposed in [23], computes the Rand error of a connected components segmentation

through building an MST. The algorithm takes a weighted graph G(V,E,A) and outputs the list of

the MST edges and the counts #same and #diff at each time an edge is added to the MST. Here,

growing an MST can be viewed as growing connected components. At the start each vertex is its own

component and with each added edge (connecting two vertices), two components are merged until all

vertices are in the same component.

Definition 3.1.1. To each edge that is added to the MST, we record two counts #same and #diff:

#same is the number of additional true positives (i.e. correctly merged vertex pairs) when an edge

is added to the MST (i.e. two components get connected); #diff is the number of additional false

positives (i.e. falsely merged vertex pairs) when an edge is added to the MST.

After running algorithm 2, we obtain a matrix with rows for each edge added into the MST and

two columns containing #same and #diff for those edges. These #same and #diff counts are computed

from a membership array for each segment. This membership array is a vector of length equal to

the total number of segments in the ground truth. At each iteration in the Kruskal’s algorithm, a

membership array is assigned to each Union-Find set (labels[i] in 2). These arrays count how many

vertices in a connected component Qi are in each ground truth segment. For example, for a ground

truth that has 3 segments, the array [2,0,3] associated with a set Qi of five vertices let us know that

there are two of them in the first ground truth segment, none in the second, and three in the third.
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Assume the ground truth has S segments and there are N vertices. Initially, when each vertex is in its

own set Qi, there are N different arrays of size S, one for each set Qi. Such an initial array has a value

of one at the i-th index if its associated vertex is in the i-th ground truth segment and zeros at all other

indices. Following Kruskal’s Algorithm, when an edge is added to the MST, two sets Qi and Q j are

merged and a new membership array will represent this merged set.

Lemma 3.1.1. When two sets Qi and Q j are merged, the new membership array is formed by an

element-wise addition of the two arrays associated with the two sets Qi and Q j.

Proof. This follows immediately from the definition of the membership array as a counter of how

many elements of each segment the set contains.

For example, in the case of three ground truth segments, let [1,0,0] and [1,1,0] be the arrays

associated with two merging sets {i} and { j,k}. The new array associated with the merged set {i, j,k}

is [2,1,0]. Observe that by connecting the two sets {i} and { j,k}, vertex i is connected with one vertex

that is in the same ground truth segment and another vertex from a different ground truth segment.

Lemma 3.1.2. When connecting two segments Qi and Q j with associated membership arrays mi and

m j are merged, we get

#same = mi •m j,

where • is the dot product, and

#diff = |mi| · |m j|−#same,

where |mi| is the sum of all elements of mi.

Proof. When merging two component sets to form a larger component, the element-wise product of

the two associated arrays gives the numbers of label agreements for each ground truth segment at

each index, hence, the dot product of the two arrays gives the total number of label agreements at

each iteration of the Kruskal’s algorithm. As well, since the total number of new connections made at

each iteration can be computed as the product of the `1-norms of the two associated arrays and would

be 1×2 = 2 in the example above. Hence, the number of label disagreements can be easily computed

as the different between total new connections and the number of label agreements.
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Now we have defined all the terms that are used in the modified Kruskal’s algorithm (algorithm 2)

and can state the pseudo-code for the algorithm. The algorithm plays a crucial role in our formulation

of the training loss functions that minimize the Rand error. This will be described in the next section,

section 3.2.

Data: A weighted graph G(V,E,A) and the ground truth label for each vertex (i.e. a set of
vertex-label pairs of all vertices

Result: An ordered list of MST edges, the counts #same and #diff label pairs at each threshold
level, corresponding to an MST edge

1 Collection Q is initialized to Ø;
2 Set E is sorted in decreasing order by weights;
3 idx← 0;
4 for each xi ∈V do
5 MakeSet(xi);
6 labels[i] is initialized to a zero array of length that equals the number of different labels;
7 labels[i][yi]← 1
8 end
9 for each edge (u,v) ∈ E do

10 cu← FindCanonical(u);
11 cv← FindCanonical(v);
12 if cu 6= cv then
13 Union(cu,cv);
14 cnew← FindCanonical(cu);
15 MST[idx]← (u,v);
16 #same[idx]← labels[cu]T · labels[cv];
17 #diff[idx]← ‖labels[cu]‖1 · ‖labels[cv]‖1 - #same[idx];
18 labels[cnew]← labels[cu] + labels[cv];
19 idx← idx+1;
20 end
21 end

Algorithm 2: Playing with Kruskal’s Algorithm. Adapted from [23].

3.2 Loss functions for Rand Error and Kruskal’s algorithm

If we have a list of MST edges found by Kruskal’s algorithm, we get a hierarchy of segmentations.

It starts with the segmentation in which each vertex is its own component and then, as edges are

added to the MST, vertices are joined to form bigger and bigger path-connected segments until all

vertices are in the same component (or segment). The threshold for the MST edges determines which

segmentation is chosen: all MST edges with weights above the threshold are joined and all edges
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with weights below the threshold are cut. The Rand error will vary with each chosen threshold. If

each edge in the MST has a unique weight, then the total number of different threshold level equals

the number of vertices, ‖V‖. In other words, for a given affinity graph and the connected component

procedure as described in section 2.5, the MST can be segmented in at most ‖V‖ different ways,

which leads to up to ‖V‖ different Rand errors. For each threshold except the highest one, there is a a

corresponding pair of #same and #diff counts. The matrix with columns #same and #diff generated

in Kruskal’s algorithm is used to calculate the Rand error. Algorithm 3 describes this computation in

pseudo-code. We first describe the main ideas with some examples:

• If a threshold level greater than the largest edge weight (the largest affinity) is picked for the

connected component procedure, then all the MST edges will be cut and each vertex forms its

own segment. In this case, every pair of vertices in the same ground truth segment is incorrectly

split and hence the largest possible number of false negatives for the Rand error occurred. On

the other hand, every pair of vertices that are in different ground truth segments is correctly split

and hence no false positives occurred. The #same array contains the counts of all pairs whose

ground truth labels are the same. In this case when no pairs of vertices is connected, the sum

of all elements in the #same array is the number of false negatives. Note that a false positive is

an error made by incorrectly joining vertices that have different ground truth labels and a false

negative describes an error made by incorrectly splitting edges between vertices that have the

same ground truth labels.

• Consider the threshold level that is between the two largest affinity weights. When thresholding

at that value, all the edges in the MST are cut except the edge that has the largest weight. In

other words, it is predicted that the two vertices connected by the largest MST edge, are in

the same segment while each of the other vertices is in its own segment. There is two cases,

whether or not the two connected vertices are in the same ground truth segment:

– In the case when the two vertices are in the same ground truth segment, we have one less

false negative. No false positives are added. In this case, #same[0] = 1 and #diff[0] = 0.

Here, index 0 indicates the first MST edge in algorithm 2.
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– If the two vertices are in different ground truth segments, we add a false positive. The

number of false negatives doesn’t change. In this case, #same[0] = 0 and #diff[0] = 1.

The idea is to use the #same[i] and #diff[i] counts of the i-th MST edge to iteratively compute the

number of false positives and the number of false negatives (i.e. numbers of incorrectly merged

and incorrectly split pairs) for each segmentation on the chain of segmentations given by the

MST. We can accumulate the new error counts to the total false positives and false negatives

from the first threshold level to get the total errors at this second threshold level. For the first

case above, we get the new positive error by subtracting the #same[0] count from the previous

total false positives while we get the new negative error by adding #diff[0] to the previous total

false negatives. This process of accumulation gets repeated and efficiently provides the total

numbers of pairwise misclassifications at each threshold level.

• At the last threshold level that is smaller than all the MST edge affinity weights, all the edges

in the MST are kept and it is predicted that every vertex is in the same segment. All the pair of

vertices that are in the same ground truth segment are correctly merged (i.e. we have zero false

negatives) while all the pair of vertices that is in different ground truth segment are incorrectly

merged (i.e. largest false positive, which equals the sum of all elements in the #diff array). At

this point, the process described above has iteratively subtracted all the #same counts and added

all the #diff counts for each new MST edge.

Lemma 3.2.1. The largest possible number of false negatives is given by ‖#same‖1 and the largest

possible number of false positives is given by ‖#diff‖1.

Proof. By definition, each #same count equals the number of additional true positives when an MST

edge is connected, hence, the sum of all these counts gives the largest number of true positives when

all the MST edges are kept in the connected components procedure. Oppositely, if no MST edge

is kept and each vertex is in its own segment, this total is interpreted as the largest number of false

negatives. Likewise, by definition each #diff count equals the number of additional false positives

when an MST edge is connected, hence, the sum of all these counts gives the largest number of false

positives when all the MST edges are kept in the connected components.
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Data: A given threshold T ; the ordered list of MST edges, the #same, and #diff arrays given by
algorithm 2

Result: The Rand error of the segmentation using connected components procedure with the
given threshold

1 totalPos← ‖#same‖1;
2 totalNeg← ‖#diff‖1;
3 FN← totalPos;
4 FP← 0.0;
5 RE ← (FN+FP)/(totalPos+ totalNeg);
6 for idx← 0 to length(#same) step 1 do
7 if T > MST[idx] then
8 return RE
9 else

10 FN← FN - #same[idx];
11 FP← FP + #diff[idx];
12 RE ← (FN+FP)/(totalPos+ totalNeg);
13 end
14 end
15 return RE

Algorithm 3: The Rand error calculation for a fixed threshold T . Adapted from [23].

In short, the #same and #diff contain counts of connections and separations associated with each

MST edge. Algorithm 2 provides a mapping between the MST edges and the false positives and

false negatives counts for the associated segmentations. It also computes how much each MST edge

contributes to the Rand error. Specifically, for each MST edge, if the corresponding #same count is

greater than #diff count, want to keep the affinity weight of this edge above the threshold so that we

get a lower Rand error.

This suggests using the whole MST as a natural batch for learning affinity. The MST, the #same

and #diff counts can be computed very efficiently through the Kruskal’s algorithm, namely, with

complexity O(‖E‖ log‖E‖) = O(‖E‖ log‖V‖) when the affinity graph is lattice. Hence we are train-

ing a classifier by looking at all the MST edges in each iteration instead of just one MST edge that was

the maximin edge for a random pair of pixels as Turaga et. al. did. Training with Kruskal’s modified

algorithm suggests advantages in training speed when scaling to larger data. Our minibatch consists

of all MST edges and we use a gradient descent that considers all summands in equation 2.16.

The actual implementation of the mini-batch learning has a few more details. An important ob-

servation is that we need the whole MST to calculate the largest number of false positives and false
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negatives as described in Lemma 3.2.1 to calculate the Rand error for thersholding the maximin affini-

ties at zero. Once we have done this calculation, we can just as easily calculate use algorithm 3 to

compute the Rand error for all thresholds, not just zero. This was the key idea to introduce infern-

ing, the ability to then chose the best of all thresholds for a test image based on the threshold that

minimizes the correlation clustering energy function.

In [23], a meta label for each MST edge (u,v) is defined by setting

luv = sign(#same[idx]−#diff[idx]), (3.18)

where each index idx is associated with an MST edge (u,v). This label indicates whether an MST

edge increases or decreases the Rand error. The #same and #diff counts are also used to calculate a

weight vector that represents the relative contribution of each MST edge to the total Rand error:

Wuv =
1

∑(i, j)∈MST Wi j
(#same[idx]−#diff[idx]) (3.19)

The weighted hinge loss with meta label luv and weights Wuv can then be written as:

l(A,Y ) = ∑
(u,v)∈MST

Wuv ·max(0,1− luv(Auv−θ)) (3.20)

To compare with the loss function in section 2.9, the meta label is used in place of the term (2I
(
ŷi = ŷ j

)
−

1) in the hinge loss function in equation 2.15. This new label does not just consider whether the two

vertices adjoining the MST edge under consideration belong to the same segment, but considers the

effect of that edge on the whole graph. The other difference is that this loss function for a given

ground truth and affinity does not consider all edges but just the MST edges.

This meta label allows us to quickly predict if an MST edge should have its weight above the

threshold θ based on its contribution to the Rand error, with respect to the connected components

procedure:

• An MST edge is better kept (i.e. its meta label is 1) if its #same count is larger than its #diff

count because keeping this edge will decrease the final Rand error.

• An MST edge should ideally be cut (i.e. its meta label is −1) if its #same count is smaller than

its #diff count, because discarding this edge will decrease the final Rand error.
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• When the #same and #diff counts of an MST edge are the same, the corresponding weight is

zero by definition (equation 3.19) so the edge does not contribute to the final loss.

The way the meta labels luv and the weights Wuv are assigned determines the nature of the model.

A change in either of these two defines a different loss function, hence a different optimization process

and a different optimal solution that minimizes the loss function. The formulation of the meta label

and the weight above might encounter some problems:

• First, since the loss in equation 3.20 is defined solely on the difference between the #same

and #diff counts, it does not consider the proportional relation of the counts contributed by

an MST edge over the total counts. The MST edges of that are first added to the MST and

have the largest affinities will have small #same and #diff counts since they are connecting

small segments together and hence only small numbers of new connected pairs are formed.

Consequently, the difference between the #same and #diff counts of each of the top MST edges

has smaller range as compared to those MST edges that get added at the end of algorithm 2.

For example, if the #same and #diff counts of one of the top MST edges and one of the bottom

MST edges is 1,0 and 5001, 5000 respectively, then the two edges contribute the same in the

loss function (equation 3.20). This is undesirable, since the former MST edge should weigh

more than the latter, because if one of the top MST edge is misclassified, the attribution of

following MST will have to share the consequences.

• Second, the formulation opens the door for solutions that minimize the loss function by arrang-

ing the MST edges in a way where each associated pair of #same and #diff counts cancel out,

leading to a weight of zero and a meta label of zero for each MST edge. This creates situations

where the loss is decreasing while the Rand error, which is the main objective, is not and might

even be increasing.

To combat these issues, we attempt two approaches: (1) modifying the the loss functions presented

above, and (2) going for a complete different formulation. Specifically,
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1. To address the above problems by modifying the presented loss function, we change the weight

of each MST edge to the proportion of the absolute value of difference #same− #diff for that

particular edge to the total counts of pairs connected by that edge:

diff-Wuv =

∣∣∣∣#same[idx]−#diff[idx]
#same[idx]+#diff[idx]

∣∣∣∣ (3.21)

Here, we still use the meta label defined in equation 3.18. When using this meta label with the

weight defined in equation 3.21, we denote it as diff-luv. This directly fixes the first problem by

introducing the total counts of each MST edge. The weights are better distributed between the

largest and smallest MST edges. From here, to prevent the canceling effect, we can optionally

add a tolerance parameter δ to equation 3.21, where δ can be any function of the MST edge

index idx. With equation 3.21, we enhance the exisiting framework proposed in [23].

2. The other way of approaching this is to always force the classifier to consider flipping the

affinity of an MST edge about the threshold θ . That is, if an MST edge is predicted to have its

affinity greater than the threshold θ , we assign to it a meta label of −1; oppositely, if an MST

edge is predicted to have its affinity smaller than the threshold θ , we assign to it a meta label of

1:

hit-luv =


1 if Âuv = θ

−sign(Âuv−θ) otherwise
(3.22)

The weight associate with each MST edge is defined as:

hit-Wuv =


#diff[idx]

#same[idx]+#diff[idx]
if Âuv ≥ θ

#same[idx]
#same[idx]+#diff[idx]

if Âuv < θ

(3.23)

In the perfect scenario, all the MST edges whose weights are larger than θ correctly connect

vertices inside ground truth segments together and do not create any false positive when joining

vertices from different segments. That is, in this case, if we discard all others MST edges

whose weights are smaller than θ , we have a correct segmentation of the image (i.e. zero Rand

error). At the same time, when applying algorithm 2 to such an MST, all the MST edges whose

affinities exceed θ will have zero #diff counts because they only contribute to the number of
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true positives (i.e. they only have #same counts); conversely, all the MST edges whose affinities

are below θ will have zero #same counts because they only contribute to the number of false

positives (i.e. they only have #diff counts). The weights defined for each MST edge (equation.

3.23) will then be all zeros as well, leading to a zero loss. We think gradient descent would

struggle to optimize this loss, but eventually, the loss should train our model to produce the

perfect scenario described above.

The loss function in 3.20 should tailor the affinities for the graph to be centered at θ . When using

the hinge loss with θ = 0, an edge whose weight lies outside the interval centered at θ with radius

one and have the same sign as the label does not get penalized (see figures 3.8 to 3.11). For example,

in equation 3.18, if Auv− θ ≥ 1 and luv = 1, then the edge (u,v) has zero contribution to the loss

function; likewise, if Auv−θ ≤ 1 and luv =−1, then the edge (u,v) also has zero contribution.

With the revised definitions of the loss function discussed above, we want the classifier to learn to

raise the affinities of all the MST edges that should be kept, as well as reduce the affinities of those

edges that should be discarded in order to decrease the Rand error. The value of the parameter θ

plays an important role in guiding the classifier. In practice, to make a connection to the correlation

clustering in the literature, the value of θ is can be set at zero while the values of affinity weights

can optionally be limited in [-1,1]. The output affinity weights of the classifier can then ideally be

interpreted as correlations between neighboring pixels.

3.3 Inferning Connected Components for Segmentation

The frameworks presented in [28] and [23] focus on learning to produce ideal affinity graphs such

that if we segment these graphs with the connected component procedure (using a fixed threshold

θ , which is zero in our setup), we will have a good segmentation (measured by Rand error with

respect to a ground truth). Note that there are learning (to produce affinities) and inference (to use the

produced affinities) acting in these frameworks. Increasing the complexity of the learning architecture

(i.e. making deeper neural networks/classifiers) will certainly give more flexibility to the frameworks

and hence a performance gain is possible but no extra insight is acquired. This is not as fascinating
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Figure 3.8
The hinge loss vs. affinity when luv = 1 and
θ = 0.

Figure 3.9
The hinge loss vs. affinity when luv =−1
and θ = 0.

Figure 3.10
The hinge loss vs. affinity when luv = 1 and
θ = 0.2.

Figure 3.11
The hinge loss vs. affinity when luv =−1
and θ = 0.2.
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as to make the inference step better. Specifically, we want to instead vary the threshold θ used in

the connected component procedure. Instead of fixing it at zero, we want to use the best threshold

that gives the lowest correlation clustering energy defined in equation 2.5 for each given affinity

graph. We hope that by doing this, we not only see a performance gain, but also see that the learned

affinities can be related to correlations between adjoining vertices. Note that given a segmentation of

a graph, the correlation clustering energy is calculated as the sum of affinities of all adjacent pairs of

vertices that have different labels. The optimal segmentation is the minimization of the correlation

clustering energy. In other words, the best segmentation by correlation clustering energy is the one

that minimizes the “disagreements” between adjoining vertices.

A by-product of the modified Kruskal’s algorithm (algorithm 2) is the information of vertices that

get connected as the MST is built (or equivalently, as the threshold decreases, when segments are

grown by the connected component procedure with decreasing thresholds). Let S be the sum of all

affinities of the graph. This is the correlation clustering energy of a completely disjoint graph in which

every vertex is its own segment. Then, the correlation clustering energy of the connected component

segmenation at each threshold level of the MST can then be computed by subtracting from S the

affinities between vertices that are in the same component. Note that the edges of theses affinities

are not necessary on the MST. We can add a subroutine to algorithm 2 to make use of the by-product

mentioned above and efficiently compute the correlation clustering energy for all possible threshold

levels. Picking the best threshold for the connected component procedure is then a line search over

all correlation clustering energies for different thresholds.

Each time an edge is added to the MST, two segments are connected. The modified algorithm

incrementally builds a pointer cycle around all the vertices in a segment. As the MST is built, when

two segments are merged, this pointer efficiently iterates through all the vertices of one segment and

checks for the ones that are adjoining vertices of the other segment. The affinities between these pairs

of vertices are subtracted from the previous correlation clustering energy S to compute the value of

the correlation clustering energy for the lower threshold.

The threshold that gives the minimum correlation clustering energy, here denoted by T is used to

compute the hinge loss (equation 3.20). Examples of how this threshold affects the loss function are
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listed below.

• Assume, for example, T = 0.2 gives the minimum correlation clustering energy. Equation 3.20

then penalizes all MST edges that have +1 meta-labels since their affinities are below 1.2 and

forces them to increase, while it also penalizes all MST edges that have −1 meta-labels and

affinities above −0.8, forcing them to decrease. As compared with using a threshold at zero,

this loss function does not penalize the MST edges that are weighted between −1 and −0.8

even if these edges have +1 meta-labels.

• If T =−0.2 gives the minimum correlation clustering energy, then Equation 3.20 does exactly

the opposite. The MST edges whose affinities are between 0.8 and 1 do not get penalized even

if their meta-labels are −1.

Figure 3.12
An example of the effect of the choice of the parameter threshold θ on the segmentation and its
correlation clustering energy.

In figure 3.12, to identify the two objects (the orange one and the green one), the three highlighted

dashed edges should be discarded. If θ = 0, the orange dashed edge is still intact and hence all

vertices are still connected, resulting only one segment. The correlation clustering energy in this case
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is 0. If the threshold θ = 6, all the three dashed edges are discarded and there are two separated

segments. The correlation clustering energy decreases to −10+ 5− 10 = −15, which is in fact the

lowest correlation clustering energy that can be achieved in this affinity graph. For this example, we

see how considering the threshold that gives the minimum correlation clustering energy (restricted by

the connected components) encourages a better segmentation.

Regarding the complexity of the energy computation in the case of a 4 connected-graph, at each

iteration, we have to check at most 4×N edges, where N is the number of vertices that the pointer

cycle is used for. The sizes of the segments that get connected at each iteration vary, but on average

they increase linearly. That is, as we build the MST, we connect larger and larger segments and have

to check more and more vertices for adjoining pairs in order to calculate the correlation clustering

energy at each level.

In the simplest scenario when one of the two segments always contains a single vertex, we have

to check the adjoining edges of an additional vertex after each iteration as our pointer cycle grows.

Assume the graph is 4-connected, the running time complexity is then:

O(4(1+2+ · · ·+(‖V‖−1))) = O(2‖V‖2) = O(‖V‖2)

While it is difficult to estimate the complexity of this process, in our experiments, the inference step

does take a noticeable additional time to complete. We note that a brute-force calculation of the cor-

relation energy takes O(‖E‖) for a segmentation, hence the calculation of all possible segmentations

produced by the connected component procedure takes at most O(‖V‖‖E‖).
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IMPLEMENTATION

4.1 Introduction

Implementing any work on inferning requires an implementation of affinity learning with Kruskal’s

algorithm first. There are several steps to a successful implementation. First of all we need to settle

on a dataset of images and segmentation ground truths. Then we need to investigate which of the loss

functions discussed above performs better based on the training statistics. Next we need to decide

on the learning model. In [23] a linear classifier was trained with Kruskal’s algorithm. This can be

used for a proof of concept and has the benefit of being applicable to any graph and relatively easy to

implement, but it is not a very expressive classifier. We want to use a convolutional neural network

similar to the U-net employed in [25] due to its proven ability in the segmentation learning task. The

convolutions need a consistent graph structure, or in particular a matrix, hence are only applicable

to a lattice graph with consistent connectivity (e.g. 4-connected or 8-connected graph). We pay for

the more expressive classifier by a loss in flexibility for the structure of the graph. Another issue that

surfaced was how the affinities are being presented by the classifier. Turaga’s affinities for a 3D graph

are the three layers of an output image, one layer for horizontal affinities, one for vertical ones and

one for front to back ones. While this seems a nice idea, the automatic differentiation in Tensorflow

that is used in the gradient descent algorithm has trouble with this type of data structure. Porter et al.

presented an output image from which the affinities were then computed. We discuss different graph

encoding methods for the affinities.

We consider various experimental setups to test the presented frameworks. The main considera-

tions are how to represent the input data, which classifier to use, and how to represent the output graph

structure. We discuss the advantages and disadvantages of the choice of the decisions on these aspects

in our image segmentation application. For all setups, we use tensor structures (i.e. multi-dimensional

arrays) for the numerical computation in Tensorflow and Numpy and for mappings between a graph

and a tensor. Specifically, the output of a classifier is in the format of a tensor. We map this output
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tensor to a graph structure so we can use algorithm 2. We then need to create the weight tensor and

the meta label tensor to compute the training loss (equations 3.20).

4.2 The dataset

We considered several choices of available datasets. One option was the BSDS500 dataset [3] which

is a benchmark set of labeled training images consisting of photos and crowd-sourced hand-drawn

segmentations. Several of those images have different ground truth segmentations that differ quite a

bit. One question that arises for such images is “should only the animal be segmented or the patterns

in its fur”? These ambiguities made us move away from this dataset for our basic experiments.

Another dataset we considered were grey scale microscope images of materials available internally

through Los Alamos National Laboratory. These images have fairly obvious segmentations and a

expert-labeled set of images created by only one expert is available, but restrictions on publishing

these images made us hesitate.

While there are some other options on the table, we decided to experiment with a synthetic image

dataset that was introduced in [6]. The dataset contains 100 synthetic color images, each of which

has 3 channels of size 100 by 100, in bmp format. Each image has several segments of different

colors and shapes. These synthetic images are easy to be segmented in order to find the ground

truth segmentations. We then modify the dataset by adding Gaussian noise to the images not to have

too simple a task for our learning frameworks. Specifically, each image is scaled to [0,1] and three

independent Gaussian-distributed masks (i.e. each pixel values of the masks is independently drawn

from a normal distribution) that have the same shape as the image are created with mean 0.0 and

standard deviation 0.1. We add these masks to the original image while clipping to keep image’s

intensities in [0,1]. With this, about 70 percent of pixels’ intensities of a channel of the original image

might get increased or decreased by less than 0.1 (before clipping). Some examples of the original

and the corresponding noised images are shown in Figure 4.13.

We further preprocess the data by first compressing the image by a factor n, where n is a positive

integer. We do this by subsampling pixels at every n-th location on each axis. Due to the design of the

U-net, we need our input images’ heights and widths to be multiples of 2. We do this by compressing
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Figure 4.13
Top row: Original sample images. Bottom row: The same images with added noise.

the top left 96 by 96 corner of any of the synthetic 100 by 100 pixel images with added Gaussian noise

described in section 4.2 by a factor n= 4. This results in images of size 24 by 24 for the actual training

and test set. This compression speeds up our experiments considerably and makes the segmentation

task harder.

Figure 4.14
An image sample from the synthetic dataset: (from left to right) the original image with noise, the
compressed image, and the smoothed compressed image.

We use an averaging filter of size 3 by 3 to reduce the noise. While this filter is more likely to give

extra little segments at the edge of the original segments, it effectively prevents sub-segments forming

inside bigger segments. We do a convolution with this filter for each channel of the image with “same”

symmetric padding. That is, we use mirror padding at the boundaries and the convolution produces

a smoothed image that has the same size as the input image. For the 1D encoding setup, we need to
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further convert this image to a tensor that encodes the edge information (described in section 4.4). For

the 2D encoding setup, we can directly feed the smoothed image into the classifier. Here, we consider

the output of the preprocessing step as the input to the classifier. Some additional implementation

details that are characteristic of each experiment will be discussed later in chapter 5.

In our experiments, we sample from these preprocessed images and their ground truth segmenta-

tions for the training set and the validation set. The training set is used to update the parameters of

the classifier. In training, we use a batch size of one, meaning that the gradient of the loss function

is calculated and used to update the classifier’s parameters after a training image has been processed.

The classifier is trained on the first image and the parameters are updated, then the classifier is trained

on the second image and so on until it returns to the first image. We count one pass through all the

training images as one training epoch. While the classifier is being trained, it is also evaluated using

the validation set to minimize overfitting. The parameters of the classifier are not affected by the

results provided by the validation set. We periodically record all the statistics (e.g. the loss and Rand

error of the training set and the validation set) and the parameters of the classifier. We use the statistics

to determine which instance of the classifier is the best.

4.3 Auto differentiation

In gradient-based learning algorithms, an important part is to compute the gradient update for all the

parameters of a classifier. Auto differentiation works based on the fact that most common functions

can be decomposed into a sequence of primitive operations (e.g. addition, subtraction, multiplication,

division, etc.) and applications of basic functions (e.g. exponentials, logarithms, sines, cosines, etc.).

The derivative of an arbitrary function composed of these primitives can be automatically computed

by applying the chain rule recursively.

In our implementation, we rely on the automatic differentiation ability of available libraries,

namely of Tensorflow [1]. Tensorflow has a large number of mathematical operations with well-

defined gradients. Tensorflow also works seamlessly with Numpy [30] - a Python library used for

numerical computations.

Tensorflow and Numpy are open source libraries (in Python) and available through the Python

50



package installer. Both use a similar core data structure called a multidimensional array (in Numpy)

or a tensor (in Tensorflow). A tensor in Tensorflow is a generalized version of a multidimensional

array. The libraries have been developed to the point where both of them can work interchangeably.

Numpy arrays and Tensorflow tensors can be easily converted to the other. Tensorflow allows the

exploitation of GPU computing power and eases the implementation of end-to-end deep neural net-

works, from data preparation to model building, training, and evaluation. While we are aware of

many other machine learning libraries and frameworks, we choose Tensorflow because of the flexibil-

ity (working nicely with a number of other libraries) and the abstraction (ability to connect building

blocks) it provides. On the other hand, Numpy is simpler and is highly optimized in manipulating

multidimensional matrices. We specifically use Numpy in some subroutines that require value assign-

ment and iteration for matrices (e.g. computing the weights and meta labels).

4.4 1D encoding

In the initial setup, we use a vector (i.e. a one dimensional tensor) to encode the edge affinities, hence

the name “1D encoding”. For example, a 4-connected lattice graph representation of an H by W

image contains H× (W −1)+ (H−1)×W edges and the output of the classifier will be a tensor of

shape ‖E‖× 1, where ‖E‖ = H× (W − 1)+ (H− 1)×W . We use a linear classifier for this setup.

The feed forward step is defined by applying a linear function to the feature vector of each edge

Âi = Xi ·w+b (4.24)

In equation 4.24, Âi is the affinity prediction for edge i; Xi is the feature vector of edge i and is a row

vector, which contains n features; w and b are the weight vector and the bias of the linear classifier,

where w has n elements corresponding to n features of Xi. In tensor form, equation 4.24 can be written

as

Â = X ·w+b ·1, (4.25)

where Â contains all affinity predictions and is a tensor of shape ‖E‖× 1, X is a tensor of shape

‖E‖× n and can be seen as a matrix whose each row Xi is a feature vector as in the equation 4.24,

w is a tensor of shape n× 1, and b is a scalar and 1 is a tensor of shape ‖E‖× 1. Using a linear
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classifier is likely to hide all spatial information of the data. However, spatial information for pixels

is crucial in image segmentation applications. One way to combat the problem is to employ a feature

extractor filter that collects a window of information about the neighborhood of each edge as a vector

associated with each edge. That is, we use a vector that contains all the information around an edge as

the feature for each edge. This technique is similar to a convolution applied to the corresponding 2D

matrices, without adding up the terms. For example, if we use a feature extractor filter of size 5×5,

we have a feature vector of 25 elements for each edge in each channel of the input.

We note that this feature extraction does not have to be applied to the input image, but could be

used on a feature map of the image such as one resulting from a convolution with Sobel filters, which

will be described in section 5.1, or one resulting from the Gaussian weighting function [13]). Given an

input tensor of shape 10×10×3, whose 4-connected lattice graph representation has 9×10+10×9=

180 edges, using the method above with a filter of size 5×5 gives a feature tensor X of shape 75×180

(in Figure 4.15, each Xi would be a vector of length 25× 3 = 75). The corresponding weight tensor

and bias tensor of such input tensor would have shape 75×1 and 180×1 respectively. The output of

the classifier is then a vector of length 180, or said say differently, a tensor of shape 180×1.

To train a classifier, we also need a ground truth label for each pixel, which is required by algorithm

2. Note that we do not use the ground truth label to calculate the hinge loss, instead, we use the meta

labels defined in section 3.2. The training process is straightforward. In the feed-forward step, our

classifier gives the output of all edge affinities in the graph. However, only the MST edge weights

contribute to the loss (section 3.2). To compute the training loss, we need to map the output affinity

tensor back to a graph structure to be able to apply algorithm 2. This mapping is required to be

matched with how we encode the edge weights for the input.

This basic setup is good to start with to collect preliminary results but is not the most expressive

classifier. The difficulty we encountered in implementing it was keeping track of the edge vector

elements and their positions in the graph. Tensorflow posed some challenges in setting up the corre-

spondence correctly. Reconstructing the weighted graph of edge affinities from this edge vector has

to be done very carefully.

Overall, this 1D setup struggles to scale up to larger images and more expressive classifiers. In
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Figure 4.15
Flowchart for the linear classifier acting on a 1D vector of edge information. SGD stands for
stochastic gradient descent.

the context of neural networks, a fully connected layer (as described in section 2.7) of N nodes is

required to take a 1D-tensor of size N and produce a tensor of the same shape. Since each node

has N + 1 parameters, there are N× (N + 1) parameters in total. To produce edge affinities, we can

only use fully connected layers with this setup, which leads to a large number of parameters. A fully

connected neural network is extremely expensive and is usually prone to overfitting due to the large

number of parameters it has, which is not desirable.

4.5 2D encoding

As a different approach, similar to that employed by Turaga et. al. in [28], we encode the edges of

an H×W image as a set of matrices of the size H×W , one matrix for each possible edge direction.

A first layer could be the affinities for the horizontal edges. To keep the same size, we need to pad

one column for horizontal edges or one row for vertical edges. If we only consider horizontal and

vertical edges, we need two edge matrices. Being careful not to shift things, we can construct the

affinity graph from those edge matrices. It is also easy to map these edge matrices back to a graph
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structure. For a 4-connected lattice graph of size H by W , the affinity prediction is a tensor of shape

H ×W × 2. For a 3-dimensional microscope image where each pixel has six neighbors, we would

obtain 3 channels. With this mapping, an 8-connected lattice graph can be easily represented by 6

matrices. Note that when mapping a graph to a tensor, there is an extra row and an extra column that

are padded with zeros in each matrix channel; when mapping the tensor back to a graph, these extra

row and column are ignored.

Figure 4.16
Flowchart for a classifier acting on a 2D representation of the affinity graph. SGD stands for
stochastic gradient descent.

For this setup, we can directly feed images into our model without the need to first compute the

edge information as we have to for the 1D encoding and we ask the classifier for a set of affinity

matrices as an output. The setup allows us to leverage convolutional neural networks, which have

proven to be effective in image processing tasks ([18], [19], [22], [25], [29]), especially in learning

spatial features of images. It is optional to add edge information (e.g. edges detected by Sobel filters)

in into the input as additional channels added to the original image.

It is important to correctly define the mappings between the two channel representation with edge

information and the affinity graph. If there is a shift in the affinities, the gradient updates will not

be applied correctly to the weights and biases. Apart from technical issues in matching up affinity

matrices and the affinity graph, this setup is superior to the 1D setup in section 4.4. This is because

it is better in scaling up to larger images due to the fact that we can directly use images as inputs and
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use convolutions in our classifier to exploit spatial relationships of the vertices.
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RESULTS

5.1 Using a linear classifier for initial results

We begin our experiments with a linear classifier to obtain initial results on our loss functions de-

scribed in section 3.2. We want to make sure that by optimizing the loss functions, we actually

optimize the Rand error (i.e our model learns to correctly classify the relationship between each pair

of vertices). We use the 1D encoding and a linear classifier as described in section 4.4. We train this

linear classifier using two formulations of the meta labels and the weights in the hinge loss function

defined by equation 3.20. We note that the threshold parameter θ is fixed at zero.

• In the first model, the meta labels and the weights are defined by equations 3.18 and 3.21:

diff-luv = sign(#sameuv−#diffuv)

and

diff-Wuv =

∣∣∣∣#sameuv−#diffuv

#sameuv +#diffuv

∣∣∣∣ .
Since the meta labels and the weights are defined by the differences of the counts from algorithm

2, we name the model with this loss function the “diff” model.

• In the second model, we use the second formulation described in equations 3.22 and 3.23:

hit-luv =


1 if Âuv = θ

−sign(Âuv−θ) otherwise

and

hit-Wuv =


#diffuv

#sameuv+#diffuv
if Âuv ≥ θ

#sameuv
#sameuv+#diffuv

if Âuv < θ

.

With these definitions, each MST edge always takes a hit from the classifier (i.e. the classifier

considers flipping an MST edge about the threshold θ every time). We call this the “hit” model.
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The input to the linear classifier is prepared as described in section 4.4 using the sub-sampled

synthetic images described in section 4.2. Given an input image, we first calculate its gradient image

by applying two convolutions with Sobel filters for each channel of the image. These convolutions

are defined as

Gxi j =


−1 0 1

−2 0 2

−1 0 1

∗Ni j and Gyi j =


−1 −2 −1

0 0 0

1 2 1

∗Ni j

where Ni j is a 3 by 3 neighborhood around pixel (i, j) and ∗ is the convolution operation. The con-

volutions result in two gradient maps for each channel (i.e. one in horizontal and the other in vertical

direction). The gradient magnitude estimation at each pixel (i, j) is defined as

Ii j =
√

G2
xi j +G2

yi j.

This calculation reduces the gradient maps to a three channels gradient image whose shape is the

same as the shape of the image. This gradient image is used to make the feature vector for each

edge. To take advantage of some spatial features, we make a feature vector for each edge (u,v) using

a neighborhood around pixels u and pixel j of the gradient image. Specifically, for an edge (u,v),

in each channel, we gather a neighborhood of size 5 by 5 around pixels u and another neighborhood

around pixel v and calculate the average (element-wise) of the two neighborhoods, and finally reshape

all of them to a vector of length 5×5×3 = 75. This vector gives information that helps in identifying

edges. If the average is high, it is more likely that the two vertices are in different segments. From the

gradient image, we form a feature matrix in which each row is the feature vector of an edge.

Recall that the linear model is defined in equation 4.25 as

Â = X ·w+b ·1

In our implementation, with an input image of size 24× 24, the affinity prediction Â is a tensor of

shape 1104×1, the feature tensor X is calculated as described above and has shape 1104×75 whose

each row is a feature vector, the weight w is a tensor of shape 75×1, the bias b is a scalar and 1 has

shape 1104× 1. Here, 1104 is the total number of edges in the 4-connected graph representation of

a 24× 24× 3 synthetic image. Each value in the affinity prediction Â is mapped to the correct edge
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in the graph. Algorithm 2 follows and the loss is computed. Back-propagation by stochastic gradient

descent is handled by Tensorflow.

Figure 5.17
Training statistics (training and validation loss/Rand error) of a typical training trial of the linear
model with “diff” loss.

The “diff” and “hit” linear models are trained on a training set of 5 images and validated on

another set of 5 compressed synthetic images. Each classifier is trained for 200 epochs using gradient

descent optimizer with learning rate 0.05. The learning rate is selected among {0.01,0.05,0.1,0.5}

because it gives a relatively steady training statistics. We plot the averages of the hinge loss and the

Rand error of the predicted segmentation for both the training and validation set for each models in

figures 5.17 and 5.18.

In both figures, we see that the average of the Rand error over all images in the training set is gen-

erally decreasing, which signals that our modified learning objectives are actually guiding the linear

model to produce affinities that yield better connected components segmentations. We observe that

the “diff” model looks smoother (i.e. having little variation) compared to the “hit” model. By defini-

tion, the “hit” loss always considers raising the negative affinities and lowering the positive affinities.

Recall that only when all the MST edges are correctly classified (i.e all MST edges connecting ver-
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Figure 5.18
Training statistics (training and validation loss/Rand error) of a typical training trial of the linear
model with “hit” loss.

Figure 5.19
Some ground truths (left) and segmentation predictions (right) of the linear classifier with the “diff”
loss.

tices of the same ground truth segment are positive and the other MST edges are all negative), the

contribution weights Wuv for all the MST edge are zero. Even if there is only a few misclassified MST
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Figure 5.20
Some ground truths (left) and segmentation predictions (right) of the linear classifier with the “hit”
loss.

edges, they could still badly affect the counts of the latter added MST edges in algorithm 2, and hence

the loss might still be high.

Regardless, we observe that the two models are learning to generate correct affinities. In figures

5.19 and 5.20, we see that the two models are able to locate the objects but still oversegment inside the

objects badly. If we look at the smoothed input images (in section 4.2), it is difficult to visually see the

edges, however, the two classifiers are pretty good in identifying the boundaries. This suggests that

our learning algorithm can minimize the Rand error with inputs that have no clear boundaries between

objects. Even though we use only a few images to train and validate the two linear models, the results

are encouraging because it shows promising results that signal our implementation of the learning

algorithm and the 1D graph encoding is working as intended. We continue experimenting the two

loss formulations with a more expressive classifier, namely the mini U-net, that employs convolutions

and 2D graph encoding.
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5.2 Using a mini U-net with “diff” loss

For this experiment, we use 2D encoding with a mini version of the U-net as described in section 2.7.

Since we train and validate our model on a relatively small and simple dataset, the full original U-net

architecture would be too excessive. We note that the original U-net was trained and validated on

572×572 grayscale images [25].

For training and validation images, we use the preprocessed synthetic images described in section

4.2. We train on 30 synthetic compressed images of size 24 by 24, and validate on a different set of

30 images. We pick the learning rate for gradient descent to be 0.05. This learning rate is established

through trial and error, where we look for a balance between the training speed, the model’s ability

to reach to a good minimum (i.e. to not converge to a local minimum) of the loss function, and the

model’s ability to converge.

In this experiment, we use the “diff” loss that is defined using

diff-luv = sign(#sameuv−#diffuv)

and

diff-Wuv =

∣∣∣∣#sameuv−#diffuv

#sameuv +#diffuv

∣∣∣∣ .
The linear model with this loss formulation in section 5.1 had produced the smoother curves, while

attaining about the same minimum Rand error compared to the linear model with the “diff” formula-

tion.

The mini U-net is trained for 500 epochs to the point where overfitting is clearly observed on the

validation set (i.e. when the training loss and Rand error are decreasing but the validation loss and val-

idation Rand error are increasing). We record the averaged training statistics (e.g. training/validation

losses and Rand errors) every 10 epochs. That is, after every 10 epochs, we compute all statistics for

each sample (the 30 samples in the training set, and the 30 samples in the validation set) and average

those statistics over the the two sets. The experiment is repeated 5 times to confirm that the result is

reproducible (figures 5.21 and 5.22) and the best instance of the model is chosen by the best valida-

tion Rand error. We show a typical plot of these statistics and some predicted segmentations on the

validation images in figures 5.23 and 5.24 respectively.
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In figure 5.21, we see that the hinge loss defined using the meta-labels and weights defined in

equations 3.18 and 3.21 works quite well in training the mini U-net with gradient descent. The

training loss decreases steadily, which signals that we have a suitable learning rate. The best instances

based on the validation loss occur roughly between epoch 90 and epoch 150. Figure 5.22 shows

the corresponding Rand errors on training set and validation set. While they are more fluctuating, the

general trend is consistent with the corresponding losses. The best instances based on validation Rand

error also occur roughly between training epoch 90 and epoch 150. While the training and validation

losses are pretty smooth, the variation of the corresponding training and validation Rand error curves

suggests that there might be some extreme cases in which even though the loss is small but the Rand

error is still large.

Looking at the segmentations that result from the learned affinity graphs when thresholded at θ = 0

(figure 5.24), we find the overall shapes but oversegment at their edges. This might be due to the use

of the average filter on the input image, which adversely smooth out the edges. In the third validation

shown in figure 5.24, the prediction failed to identify the two triangles objects at the bottom-left and

falsely identify a square object at the top-left. This might suggest overfitting in the model, however,

it seems the model does not overfit much because it does quite well on other validations.
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Figure 5.21
Average hinge losses on the training set (green) and the validation set (orange) of 5 independent
trials of the mini U-net and “diff” loss model.

Figure 5.22
Corresponding average Rand errors on the training set (green) and the validation set (orange) of 5
independent trials of the mini U-net and “diff” loss model.
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Figure 5.23
Training statistics (training and validation loss/Rand error) of a typical training trial of the mini
U-net with the “diff” loss.
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Figure 5.24
Some ground truths (left) and segmentation predictions (right) of the mini U-net and “diff” loss
model. Each color specifies a class.
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5.3 Using a mini U-net with “hit” loss

We train the same mini U-net architecture as described in the previous section, using the same

weighted hinge loss function (equation 3.20) but with different weights and meta-labels. This time

we use the “hit” formulation with the weights and the meta-labels defined as

hit-luv =


1 if Âuv = θ

−sign(Âuv−θ) otherwise

and

hit-Wuv =


#diffuv

#sameuv+#diffuv
if Âuv ≥ θ

#sameuv
#sameuv+#diffuv

if Âuv < θ

.

We use the same training and validation sets as described in section 5.2. We still use a batch size of

1 and the learning rate is picked to be 0.05, which balances the training speed and variations of the

training statistics.

The network is trained for 500 epochs to collect results to compare with the model in section 5.2.

We notice that this formulation is not as stable as the previous formulation (section 5.2) in terms of

the variance of the training statistics.

In figure 5.25, we see that the values of the “hit” training loss do not have a clear trend. They

vary a lot and are almost always above 0.4. This does not quite match with figure 5.26 in which the

training Rand error seems to going down on average. In this regard, the model with “diff” loss (e.g.

equations 3.18 and 3.21) is better due to its stability (in terms of variations of training statistics) and

reproducibility (i.e there is not much difference between different trials).

In figure 5.26, we observe many high spikes in the Rand error, which are not desirable. These

spikes do not stop appearing even after 500 training epochs. However, we note that these spikes seem

to gradually become less intense. This might be because the minimization of the loss function has too

much impact on the Rand error. However, we have tried smaller learning rates which did not seem

to fix the problem, this suggests that the weights of the MST edges in the “hit” formulation are not

optimally distributed.
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In figure 5.28, we observe that the best “hit” model performs not as good as the best “diff” model

in section 5.2. The “hit” model struggles to identify some objects, however, the objects that it success-

fully detects have quite good outlined edges. Overall, the “hit” model does seem to learn to minimize

Rand error but there is room for improvement.

Figure 5.25
Average hinge losses on the training set (green) and the validation set (orange) of 5 independent
trials of the mini U-net and “hit” loss model.
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Figure 5.26
Corresponding average Rand errors on the training set (green) and the validation set (orange) of 5
independent trials of the mini U-net and “hit” loss model.

Figure 5.27
Training statistics (training and validation loss/Rand error) of a typical training trial of the mini
U-net with the “hit” loss.
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Figure 5.28
Some ground truths (left) and segmentation predictions (right) of the mini U-net and “hit” loss
model. Each color specifies a class.
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5.4 Comparison of inferning and threshold zero models for a mini U-net with the “diff” loss

Based on the results described in the two previous sections, we choose the “diff” loss formulation as

the model to test “inferning” on our dataset of synthetic images. We use the same setup as described

in section 5.2, but for the inferning model we have an extra threshold parameter θ in the hinge loss

function (equation 3.20). This time instead of using zero as a threshold, we consider all possible

thresholds for segmenting the MST and select the value that minimizes the correlation clustering

energy function as the threshold used in the segmentation and loss function. We call this threshold

the “inferning threshold”. The values of the correlation clustering energy function are calculated for

each threshold from the highest to the lowest as described in section 3.3. We collect statistics of the

results from training this “inferning model” and compare them side by side with what we achieved in

section 5.2 without using the inferning threshold (the “non-inferning model”).

Figure 5.29
Corresponding average Rand errors on the validation images of models trained with and without
using the inferning threshold. There are 5 trials of each model and the mean curve of each is
highlighted.

Figure 5.29 illustrates that inferning does indeed reduce the Rand error on the validation set. The

difference in the minimum Rand error of the two mean curves is 0.0506, an improvement of five
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Figure 5.30
The box-plots of affinities predicted by models trained with (red) and without (blue) using the
inferning threshold.

percent. As in the previous sections, this was based on training on 30 synthetic images size 24 by

24 and validation on 30 different images from the same synthetic data set. We note that the optimal

instances of the inferning model are achieved after about 100 training epochs, which is very close

to the number of training epochs needed for the optimal non-inferning model, which was around 80.

This means the extra inference step in finding the inferning threshold does not require a large number

of extra training epochs in the optimization process. This result shows that inferning is indeed a very

promising approach to generate better segmentation models. In figure 5.30, we plot the distributions

of the predicted affinities of all 30 validation images and a clear difference is observed. This confirms

that adding the extra inference step in the training loop does have an effect on the output of the neural

network.

As a next step we compare the two models by plotting their receiver operating characteristic

curves. A receiver operating characteristic (ROC) curve is a common way to assess classification

models, see for example [10]. It plots the true positive rate (T PR) as a function of the false positive

rate (FPR) of a classification model over various threshold settings. The diagonal on that graph would
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be a neutral model which has the same rates of true positives and false positives. The further a ROC

curve is above this diagonal, the better the model. We define a true positive as a correct classification

of the relationship between two vertices in the affinity graph, that is, the two vertices are correctly

assigned the same label in the segmentation. Likewise, we define a false positive as an incorrect

classification (i.e. incorrectly assigning two vertices the same label). In our formulation, the learning

algorithm only suggests a single threshold for the connected component procedure. In practice, by

varying the threshold parameter, one can generate all possible segmentaions from over-segmentations

into individual pixels or small segments (high thresholds) to under-segmentations (low thresholds)

down to just one segment for the affinity graph and its MST. The ROC curve can be easily computed

from the counts produced by algorithm 2 due to the fact that the counts represent the number of true

positives and false positives.

In figure 5.31, we show the receiver operating characteristic curves of pixel-pair connectivity

classification of the inferening and non-inferning model. We compile a ROC curve for each of the

30 validation images. Each curve is linearly interpolated from a set of ‖V‖ pairs of (T PR,FPR)

because there are at most ‖V‖ possible threshold levels and corresponding pairs of (T PR,FPR).

The red crosses and the blue dots specify the corresponding (T PR,FPR)’s that are resulted from the

choice of the thresholds made by the inferning model and the non-inferning model. We observe that

the inferning model chooses significantly better thresholds and effectively segments the graph (i.e.

for a ROC curve, the further the corresponding (T PR,FPR) is above the diagonal line, the better

segmentation choice is made). This suggests that the inferning model has learnt to produced better

affinities in the sense that it allows the interpretation and application of the correlation clustering

energy. This also substantiates our hypothesis that more time spent in inference improves the overall

performance of the connected component segmentation.

72



Figure 5.31
The receiver operating characteristic curves of pixel-pair connectivity classification of the inferning
and non-inferning model. The blue dots are threshold zero, red + signs indicate the inferning
thresholds.
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DISCUSSION

For this thesis, we have used the idea of representing an image as a graphical model in order to seg-

ment it into meaningful regions. We devised and implemented a novel way of producing affinities or

edge weights for this graph. To do so, we have built on Turaga’s work [28] that used deep learning

with a convolutional neural network. In Turaga’s work, the threshold for the connected component

procedure was fixed at zero. Our method treats the threshold as a parameter to be optimized. For the

implementation of the stochastic gradient descent, we need a continuous loss function that approx-

imates the Rand error. For the learning algorithm, we use a mini-batch learning algorithm of MST

edges instead of the online learning algorithm that only uses the maximin affinity edge between two

randomly chosen vertices. That required a modification of Kruskal’s algorithm to keep track of the

number of true positives and false positives as the MST is built (i.e. as segments are merged). The

counts generated by this algorithm are used in the training and in the loss function. We experimented

with two different versions of a new loss function, as described in chapter 5. We adapted the learning

framework to Tensorflow and Numpy, changed the loss function and changed from online learning

to mini-batch learning. We have done experiments on a synthetic dataset in which we found a 5%

decrease in average of the Rand error on the validation set when using the optimal threshold rather

than thresholding the affinities at zero.

In our learning framework, computing the meta labels and the MST weights is the major bot-

tleneck. This computation has to be done sequentially on a single a core in a central processing unit

(CPU). Hence, training a large number of large images requires significant time and computing power.

Kruskal’s algorithm (algorithm 2) has a running complexity of O(‖E‖ log(‖E‖)) per image. Parallel

execution of the algorithm (i.e. processing multiple inputs and each input is processed by a different

computing core) is one way to speed up the training process. Current development of Tensorflow

only supports parallel training on a GPU, which stands for graphic processing unit [1]. While the

GPU is originally used for 3D game rendering, it has been exploited by machine learning libraries for

general computing tasks (e.g. matrix multiplications). Parallel execution of our learning algorithm is
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not applicable since algorithm 2 works with a graph data structure that is not supported by the GPU.

Another way to speed up the training process is to train on patches of large images, which is the

direction that most frameworks that handle large images would choose. For a lattice graph, the number

of edges is of O(‖V‖2). Hence, processing n image patches requires n executions of algorithm 2 but

each takes a significantly shorter amount of time compared to processing a large image. We have not

yet experimented with this approach.

We have introduced different graph encodings as 1D and 2D. While the 1D encoding can be

applied to an arbitrary graph, it hides the spatial relationship between vertices and requires feature

engineering to recover information about the neighbors of a pixel in order to be able to perform

relatively well. On the other hand, the 2D encoding can only be applied to a lattice graph (4 or 8-

connected graph), but it is able to keep the spatial relationships between vertices intact and hence more

expressive classifiers that employ convolution operations can be used. Future work could consider

developing a version of convolutions for arbitrary graphs, where the number of edges from a vertex

determines which filter will be used. This would allow us to still use a deep neural net for later steps

in a hierarchical clustering process when we no longer have a 4-connected structure.

In sections 5.2 and 5.3, we present experimental results with 2D encoding and two different for-

mulations of the hinge loss function namely the “diff” and “hit” loss function. The “diff” loss for

which results are outlined in section 5.2 shows less variation in the training process and the model

with “diff” loss has better reproducibility, while the minimum average Rand errors evaluated on the

validation set of both models are very close to each other with the “diff” model slightly better on some

trials. Regardless, both formulations lead to a lower validation Rand error, which substantiates the

effectiveness of using the #same and #diff counts resulting from algorithm 2. However, we believe

some adjustments on the weights that quantify the contributions of the MST edges to the Rand error

along with some tuning of the hyper parameters (e.g. learning rate, number of training epochs, use of

a regularization term in the loss function) can push our learning framework even further.

We have tried to implement the online gradient descent maximin learning framework outlined in

[28], but we could not replicate the results of the paper for our dataset. There are many implementation

details that are not presented in the paper, which hinders us from successfully reproducing a good
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enough result for a comparison with the mini batch learning algorithm in [23]. Specifically, we

struggle to get our Rand error on the training set anywhere near zero (which signals if our learning

model is working properly). The optimizer, the learning rate, and the use of regularization are among

those hidden implementation details that we would like to have had more time to explore and test on.

Our work provides initial results on the use of inference in the training loop. This idea was based

on the hope that the learned affinities can be interpreted as correlations between adjoining pixels.

The initial results show an average improvement of 5 percent on the validation Rand error when

inference is added to the training process. Figure 5.30 shows that the distribution of the affinities

predicted by the inferning and the non-inferning models is different. In this example, the median

of the affinities has increased and the range between the median and the third quartile was spread

out. This substantiates the hypothesis that the inference step has a positive effect in the training loop.

There are many more datasets to explore and further investigation might provide more insights into

how the learning objective of the inferning model impacts the final outcome.

With the 1D encoding, our learning algorithm has the advantage of applicability to any arbitrary

graph structure. We can potentially train several modules that handle various levels of affinity graphs

(e.g. the first level handles affinity graphs where each vertex is a pixel and the next level handles

affinity graphs where each vertex is a segment created by the first step and edges denote adjacency).

The overarching idea here is that undersegmenting is a smaller issue than oversegmenting. Merg-

ing segments is easier than splitting them. Hence a first step could do a cautious segmentation into

small segments and later steps then merge these small segments. In an implementation, this would

require us to dynamically specify the graph structure and dynamically choose the correct parameters

for each specific input. While at the pixel level, the graphs handled by the first module are uniformly

4-connected (i.e. the graphs have the same structure for any input image), the graphs formed by seg-

mentation of the first module are not uniform (i.e. the number of edges incident with a vertex is not

fixed). The graphs that the second module would have to handle might have any number of edges for

a vertex, as the number of adjacent segments is not fixed. This idea also needs some consideration

on whether each module should be trained independently or not. Training several modules simultane-

ously will require a modified loss function which reflects the contribution of each module. Research
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in this direction would be of practical and theoretical interest, especially in the area of dynamic neural

networks, which are deep neural nets that can handle inputs whose lengths or shapes are different.

In this thesis, we have shown that considering an inference objective (e.g. the minimization of

the correlation clustering energy function) in the optimization process of a training objective (e.g. the

Rand error) can lead to a significantly better outcome than just considering the training objective.

This thesis has provided initial results on a fairly basic data set. There is plenty of room for further

research in the this area. For example, we can explore how the use of different inference methods such

as the watershed cut or the normalized cut affect the performance of the training loss functions. We

can also investigate whether the misclassification error is the ideal quantity to optimize, or whether

some entropy function as used in decision tree design might be a better choice. All in all, this thesis

has found a positive interaction between inference and learning, which encourages further exciting

research in this direction.
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