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ABSTRACT

The purpose of this thesis is to prove the existence of a unique solution to a system of par-
tial differential equations which models the flow of a compressible barotropic fluid under periodic
boundary conditions. The equations come from modifying the compressible Navier-Stokes equa-
tions. The proof utilizes the method of successive approximations. We will define an iteration
scheme based on solving a linearized version of the equations. Then convergence of the sequence
of approximate solutions to a unique solution of the nonlinear system will be proven. The main
new result of this thesis is that the density data is at a given point in the spatial domain over a
time interval instead of an initial density over the entire spatial domain. Further applications of the
mathematical model are fluid flow problems where the data such as concentration of a solute or
temperature of the fluid is known at a given point. Future research could use boundary conditions

which are not periodic.
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CHAPTER I: INTRODUCTION

The purpose of this thesis is to prove the existence of a unique solution to a system of partial differ-
ential equations which models a compressible barotropic fluid. Since the fluid is compressible, any
change in pressure results in a change to the volume. A barotropic fluid is one who’s pressure is
only dependent upon density. The equations in this thesis come from modifying the compressible
Navier-Stokes equations. In our equations we have included a capillary stress term. The modified
conservation of mass equation uses an approximation to the divergence of velocity. Our system’s

dependent variables are the velocity and density of the fluid.

The data for our system consists of an initial velocity at time ¢ = 0 for all x € Q, where Q = T2,
the two-dimensional torus, is the spatial domain, the density at a single point xo € T2 for0<t<T,
and the divergence of velocity for 0 <t < T and for all x € T2. This thesis will prove the existence
of a unique solution to the system of modified Navier-Stokes equations under periodic boundary
conditions for the time interval 0 < ¢ < T'. Using density data at a given point in the spatial domain

instead of using initial density is the main new result of this thesis.

The proof in this thesis will utilize the method of successive approximations. We will define
an iteration scheme based on solving a linearized version of the equations. Then convergence of
the sequence of approximate solutions to a unique solution of the nonlinear system will be proven.
The main theorem to be proven appears in Chapter 4. The proof of the existence of a solution
to the linearized equations appears in Appendix A. The convergence of the sequence of solutions
is proven in Chapter 5. Appendix B contains lemmas supporting the proof. We will begin by

reviewing the literature in Chapter 2 and then present the model’s equations in Chapter 3.



CHAPTER II: REVIEW OF THE LITERATURE

The system of equations to be studied is a modified version of the Navier-Stokes equations for a
compressible barotropic fluid, which consist of partial differential equations for the balance of lin-
ear momentum and for the conservation of mass. The existence of a solution to the Navier-Stokes
equations has been studied by many researchers under the condition that initial data for the density
be given. For example, Bresch, Desjardins and Gerard-Varet [2], Choe and Kim [3], Desjardins
[10], Hoff [14, 15], and Mellet and Vasseur [16] proved the existence of a solution to a system
of equations modeling the flow of a compressible, barotropic fluid when the initial value of the
density is given. None of the work done by these researchers uses the condition that the value of
the density is specified at a point X( in the domain, and that the initial value of the density is not

given.

The methodology used in my thesis to prove the existence of a unique solution to this sys-
tem of equations is similar to the methodology appearing in Embid [11, 12], which he uses to
prove the existence of a solution to equations modeling zero-Mach number combustion by proving
convergence of a sequence of approximate solutions to an iteration scheme based on a linearized
version of the system of equations. In other related work Denny in [5, 6, 7] proves the existence
of a solution to a quasilinear elliptic equation with data at a spatial point. In [8], Denny proves
the existence of a solution to a system of equations modeling the flow of a nearly incompressible,
inviscid fluid with a capillary stress term, and with density data at a point in the spatial domain.
Song [17] uses an iteration scheme to prove the existence and uniqueness of a solution to a system
of equations which model compressible fluid flow. Song’s equations do not include a term for con-
vection or capillary stress effects. The system of equations being studied in my thesis is a system

of equations which is different from the equations studied by Denny, Embid, and by Song.



CHAPTER III: MODEL’'S EQUATIONS

3.1 The Mathematical Model

The Navier-Stokes equations for a compressible barotropic fluid are

p%ﬂLVp: VAV+ YV (V-v) 3.1)
1 1
Viv=——p;——(v-V (3.2)
th P( P)
p=p(p) (3.3)

% = ‘;—Z + v - Vv is the material derivative, v is the velocity, p is the pres-

where p is the density,
sure, v and Y are coefficients of viscosity, which are positive constants.
The Navier-Stokes equations are modified to include capillary stress effects by adding a term

cpVAp, which produces the equations:
Dv
pEJer: VAV +YV(V-v)+cpVAp (3.4)

where the capillary stress coefficient ¢ is a positive constant.
We will be studying a modified version of equations (3.4), (3.2), and (3.3). The first notable modifi-

cation we will make is to assume that the conservation of mass equation (3.2) can be approximated

by:
Vv=f (3.5)

where f is a given function such that [, fdx = 0.

Next, from the equation of state (3.3) it follows that Vp = p/ (p)Vp. Applying this to our

equation (3.4) we obtain:

/

vﬁva%Vp — IX)Av+%V(V-V)+cVAp (3.6)



To have a well-posed problem boundary conditions should be given. We apply periodic bound-

ary conditions on a two-dimensional spatial domain T? = [0,27]x[0,27] so that:

v(0,y,1) = v(27,y,1) (3.7)

v(x,0,¢) = v(x,27,1) (3.8)

forx € [0,27] and y € [0,27].
The periodic boundary conditions are also applied to p(x,#). The given data for the initial velocity

v(x,0) for all x € Q and for the density p(xo,?) at a spatial point xg € Q for 0 <t < T is:

v(x,0) = vo(x) 3.9

p(xo,1) = g(7) (3.10)

where g(7) is a given positive smooth function, and vo(x) is a given smooth periodic function.

Our model’s equations are given by (3.5)-(3.10).
3.2 Non-Dimensionalization

Now we will non-dimensionalize the equations (3.6) and (3.5). To do so, we define:

ox*:%
*x _V
.V_‘Vm‘
.T:t|vm|
L
e N —= P
P = Tpu]
o V=LV
o A" =[?A
*x_ P
e p = o
Lf

o *=
S =



o Re— Pullil

POy |Pm|2
pm|Vm|
* PmcC

® C =
Lz‘vm‘z

where |v,,|, L, |pm|, and p,, is the average velocity, length, pressure, and density respectively, and

Re is the Reynold’s number. Now applying these to equations (3.5) and (3.6) and simplifying

yields:
IVZ|2 %VT* |VZ|2 ) 'V*V*Jr%;lii (pmp*)V;I:*
_ I'):;L %A*v* n ;:z'zp_{v*(v* V) + ’z—'gcv*A*p* (3.11)
@v* (v) = @f* (3.12)

By plugging in the Re and A we obtain the standard equations:

A dp* 1

Vv = f* (3.14)

Equations (3.13) and (3.14) represent the non-dimensionalized equations. For notational conve-

nience we will write equations (3.13) and (3.14) as follows:

A 1 Y
-Vv+=p'(p)Vp = —(Av+-VV. VA A
Vi+v v+pp(p) P Rep( v+v v)+cVAp (3.15)

Viv=f (3.16)

The purpose of this thesis is to prove the existence of a unique solution to (3.15)-(3.16) under
periodic boundary conditions with initial velocity data vo(x) and with density data p(xo,t) = po(t).
The format of the proof follows one used by Embid [11] to prove the existence of a solution to
equations for zero Mach number combustion. The format of the proof is separated into three steps.
First, we prove the boundedness of the approximating sequence of solutions in a high Sobolev
norm. Second, we prove contraction of the sequence in a low Sobolev norm. Finally, we prove

convergence of the sequence to a unique solution of the nonlinear equations.



CHAPTER IV: MAIN THEOREM

The main theorem is as follows:

Main Theorem:

Let the spatial domain be Q = T?, the two-dimensional torus. Let p be a given smooth positive
function of p and let fl—;’; be a positive function. Let pg be a given positive smooth function of t, and
let Xq be a given point in T2. Let f be a smooth function of t and x such that Jo fdx=0. Then for a
time interval 0 <t < T, equations (3.15) and (3.16), subject to the condition that p(Xo,t) = po(t)
and the initial condition v(x,0) = vo(x) € H*(T?) where s > § +4 and N = 2 have a unique

solution p and v where p is a positive function, provided that:

where 0 < 6 < 1, and 0 is sufficiently small. The regularity of the solution is

v € C([0,T],C*(T?))NL>([0,T],H*(T?) NL*([0,T]),H*T1(T?))
p € C([0,7],C>(T*)NL=([0, T],H*(T?))
% € C([0,7],C3(T?) NL=((0, 7], H2(T?))

Proof:
First, we apply the Helmholtz Decomposition to equations (3.15) and (3.16). Helmholtz Decom-
position is a way of uniquely writing a vector field as the sum of a solenoidal vector and a gradient
vector. A solenoidal vector is a vector w such that V-w = 0. To perform the Helmholtz Decompo-

sition we must let v=w+ V¢ where V-w = 0. Applying this to equations (3.15) and (3.16) we



get:

W+vmrmw+vw«w+vm+x5%%m

L Aw+ve)+ %V(V- (W+V$)))+cVAp

- Rep
V(W Vo) = f
Further simplification gives:
Wi+ Vo + (WA V) - V(w+ V) + Ap (P)VP _ Rlp (Aw+(1+ %/)VAQ)) L eVAp
V.-w=0
Ap =f

We will construct the solution using the following iteration scheme:

N PRACO\ i

Wil 4V, + (W V) - V(W +V9) oF

1 k Y
= — (AWM 1 (1+ D)va VApkt!
Repk( W ( +V) 9)+cVAp

V'Wk+1:()
Ap=f

kH(Xo,f) = po(t)

P

whtl (x,0) = wp(x)

4.1)

4.2)

4.3)

4.4)

4.5)

(4.6)

4.7)
(4.8)

4.9)

(4.10)

From the initial velocity condition we let the initial solenodial velocity iterate w” = w(x), and

from the density condition p(xo,?) = po(?) at a spatial point xo we let the initial density iterate be

P’ =po(t).

Equations (4.6)-(4.8) linearizes the system given by (4.3)-(4.5). The next step to proving the

existence of a unique solution to the nonlinear system is to prove the existence of a solution to

the linear system for each fixed k. The proof of the existence of a solution to the linear equations

appears in Appendix A. Now, we proceed to prove convergence of the sequence of approximate

solutions to a solution of the nonlinear system (4.3)-(4.5).



CHAPTER V: Proof of the Theorem

5.1 High Sobolev Norm Bounds

To prove the convergence of the sequence of solutions to the system of equations (4.6)-(4.8), we

start by determining a high norm Sobolev space bound. We proceed with the proof by mathematical

induction. For this we assume:
w22 [ vwHar < 13
IVp I3y < 8°L3
[8pHy < 213

P 13 <13

P = poli=7r <R

where 1(3 )>c1 >0 and - oF > ¢, >0, and pyp — R > 0 for |p* — polr=1 < R. We will prove that

c [!
W R 2 v e < 13
Vo < 6°03
1
1Ap I3, < EL%

P13y < 13

k+1

P"" —polr=r <R

k+1

where w is the solution to

wi Vg + (W V)V "“+V¢>+7tpf,i) vptt!

1

_ k+1 k+1

(5.1)



Applying Lemma B.3 to equation (5.1) with

1( ~k
alpt) =5
1
b(p*) oF
vE=wk+ Vo

1 ) k
F v k(1+ ) A¢ ¢t A\ (P

and using Lemma B.1 gives us
k+122’Dk+12d<C 2 Tde
W+ 22 [ ipwe e < Cllwoll3+ [ ¥
e Jo 0
t 1 fy
Cliwol?+ | H—ku+;>VA¢—V¢t—vk~vv¢|r§dr1
< ClwolE+C [ (oo I Va03-+ [Vl 2
+ W+ VOIIVOIR, )de
< Clwoll3+C [ (5 IVA0IE+ (V42
+ VIRV + VoI, 1)de
e
<Cllwol+C [ VAR +IAI
IS+ f1)de
Ci
< Cllwoll? +CTl 5 I+ LI 7

20 4112 4
+ L[| f1]5, 7]

< Cllwol2 +C,

=12 (5.2)

where TL2 < 1, C depends on s, C; depends on s, po, R, c1, and > <1, and C, depends on s,

Iells=1.75 Iflls+1,7 and where Ly depends ons, || fi[|s-1.7, Hst+1,T, and [|wo3.



Next we take the divergence of equation (5.1) to obtain:

"ok
4V (vk-wwk“+v¢>>+v-m¥wk“>

Y
Awk—H (1+V)Vf

:V'(—Rep" )+ V- ( Repk

)+CA2pk+1

Then using Lemma B.1 and B.2 we obtain

C
cllAp T3 + Ae VAR < l—q[HDlwﬂfqﬂAwkHHffﬁ IvE VW2 ()]
C 1
< T[||D—k||?—1 W2+ ClvE (122 WE 2 + R
¢ Rep
C 1 k112
</”Lc Rez” ( )||s WIS

+ A—Cl[(llwkllsfl VOl )W E + IF IS

C G k2 k+112
< l—c]@HVP ls—1[[W= ][5
C
+ LT+ I DIW I+ IF5 )

ACl

where C depends on s and C3 depends on s, pg, R. We can now plug in the estimate from (5.2) to

get
k1 C 2
[ApFE < — e [( 5 L3+Li+ | fls- 2T)
+£112 2T+L [¥alrs 1T+Hf||s 1.7]
1,
< -L
=20
IV 1_12 2[<R 3 S+LT+|fI5 2T) 2HfH
+I£A112 2T+L [¥alrs 1T+Hst 1]
< &%13

and by Lemma A.1
IVP 3 < Clellap™ HIs-y + Act[[Vp*E_y) < CL3+CAer 8213

10



Where <6 < 62, and 8% is sufficiently small so that < 1. Here L, depends on cy, s,

b} R 2
1A ls+1.25 (I fells—1.7> po, R and [|wol|s.

Since p¥*1(xq,¢) = po(t) at a single point and p°(x,t) = py(t), then by Lemma B.1

1p* 15 < Clip®li5 +CIIVA°lIT + VR I}

< 2m2 2,2
< Cprax o (1) || T+ C6°L;

By Denny [8], the following estimate is obtained

k+112 k+112 k+112
1P st < e lo+ClIVR I

< Cmax, 1po (1) || T?| 4 CL3 + C8*L3(1 + Acy)

=13

where L3 depends on s, ¢y, po, R lls—1,75 [| flls-+1,7> and ||wo||s. Next by Lemma B.1,

" =0l < CIV (P = pO) 17
<CIVp* ls-1r
<C8Ly

<R
and pp — R > 0 for 6 sufficiently small.

By definition |p¥*! — p®|;« 7 < R implies p¥*! € G, for x € T" and 0 <t < T which completes

the proof.
5.2 Contraction in Low Norm

We will now prove that the sequences are contractive. We start with equation (4.6)
Ap (p*
k+1 +V¢l‘ (Wk‘I‘V(P) _V(wk+l +V¢)+ pp(/f) )Vpk+1
1
~ Repk

(AW 4 (14 %/)VAQ)) 4 eVApHH!

11



where V- w1 =0, p**1(x,1) = po(t) where py(t) is a strictly positive function, and w**!(x,0) =

wo(x) and where p is a smooth function. We subtract successive iterations to obtain

Ap (p*
(Wk+1_wk)t+(wk+v¢),v<wk+l_wk)_|_ pp(/f) >V(pk+1—pk>

= }%}),{A(w“1 —wh) +eVA(PF = pF) +h (5.3)
where
h= (W — wh) ,Vwk+(7tpl(]f3kll) B )Lp,(]f)k))Vpk—|—( 1 - 1k7 )AWF
p p Rep*  Rep*~!
— (VW) VO (o = o) (1 VA

We will now prove

Wi — wh3 - + ;_i/()T |ID(WH — wh)|[3dT — 0 as k — oo

1P ! —p*[l3r — Oask — e
Proof:
Taking the divergence of equation (5.3) gives
cA*(pFt —p*)— V. [%V(p"+1 —p")]
C V(W V) V(W - W) VL [ A(wET! W] VR

Repk

and by Lemma B.1 and Lemma B.2 for r=2

clla(p*t =)z +Act[[V(p*! — ID(—% )|| AW —wh]IF

2
PB4l
+l(w +v¢>-v<wk“—wk>r|%+|rhu%]
C 1
< o 1D R w3

+[W VIR IWE —wh S+ (2] (5.4

12



Inequality (5.4) can be rewritten as

clla(p™t =)z + AtV = P2

C . 813G '
< o R L IADIW — w3+ 3]
C
<C k+1 . k12 _ h 2
< Call W w3+ 5 B

where Cy depends on cy, s, || fi||s—1.7> | flls+1.75 [[Wol|s- Next, we estimate |/h||3. By Lemma B.1,

we have

B 7L/ k—1 )u/ k
3 = [|[(W" —wh) - Vwh pp(]f)l ) pp(f ))VP"+(

1 1
Repk  Repk—!

)AWF

_ 1 1 Y
k k—1 2
—(wk— VV - 1+4).vv
(W W) VY0 (o — o)1+ ) V90
B Ap (PY)  Ap(pF 1)
< Cllws = VW O 2 - L vt
O L BvwA R 4 YV 3 wE — wE 3
Re2 pk pkfl 2 3 2 2
Y.\2 2 1 L,
1+ D2 vas B - -
v ’ ‘Zypk Pk 1”2

C

+ Reé?

Applying the high norm estimates gives
I3 < Cllwk =Wt 1323 4+ 2G5 p* — 13613
+ 250t =t B+ Colw - w3
Tkt B
< (CLE+Co) |WE = W1 B+ 3C(2CS 13+ Cs L3+ Co) |V (0 — p* 1)
where Cs depends on R, po, ¢, [[fills_1.7+ |/lls+1.7- [IWoll,» Cs depends on |||}z, C; depends on

.f[HS—LT’

Y, v, R, po, c1, flls+1.7, [[Wol|s, and RLeZ < 82, and we used the inequalities in Lemma

B.1. Therefore,

clAP*H = pM)5+ et ||V (pF = pY)|13

C
k1 _ k|2 2 k_ ok—1)12
< Cyllw —w ||3+7L—C1(L1+C6)||W —w 3

C _
+l—c](sz(lzcsL%+C5L%+C7)HV(P"—Pk HIiz (5.5)

13



Using Lemma B.3 with r=3, we get
k+1 k2 €2 d k+1 k(2
|w w3+ [D(w wh)|[3dT
Re Jo
T
<c [ In3ar
0
T
< [ (@3 +Co)lwt w1
0
+8%(A’CsL3 + CsLT +Cy) ||V (p* — p* ) |[5)de (5.6)
Now, we add (5.5) and (5.6) to get
T
C
HW"“—WkllirJrR—ze/o ID(W! —wh)[3dT+ B(c| A" = p) 3 r +Act [V (0T = )5 1)

< CT (L7 +Co) W =W 5 7 + T8 C(A*CsL3 + CsLi 4+ C7) [V (p* — p* 1)

2
2,7

+ﬁc4||wk+1 _wk

C -
%,T‘FﬁA—(L%‘FCOHWk—Wk IH%,T

€1

C .

+ﬁl—c162(12C5L%+C5L%+C7)]|V(pk—pk I)H%,T

If BCy < % the above inequality becomes
(&) r

lw'! —Wk\|§+R—e/0 IDWH! —wh)[3dT+2B(cl| AP — p) 27 +Aet [V(P ! = p")3 1)

< 2CT (L +Co) | W' =W |3 7 +-2T8°C(A%CsL3 + CsLi + )|V (p* — p*7 1)

2
2.T
C _ C _

F2B T (L 4+Co) Wt W B 2B 7B (ACs 3+ GLE+ GV (0t~ p ) B
<UI2+CNTC i k k=112 C_2TDk_ k=114
<S2(LT+Ce)(TCH+ B—)[llw = w57+ [D(W" — W) ||3d7]

Acy Re Jo
C
+2(A*CsL3 + CsLi +C7)(CT 8 + Tqﬁ52)[c||A(Pk —p* M7

+Act||V(p* —p*)

37]
If T, B, and 6 are sufficiently small then 2(L2 + Cg)(TC + ﬁ)t%l) < & and
2(CsAL3 +CsL2 +C7) (T 8*C + )%B 8%) < E(2B) where & < 1. This gives us the contraction
T
%)
W — w3 7+ ﬁ/o IDW —wh)[3aT+2B[e]|A(p*™ = p )3 7 +Act [V(p* = pY)II3 7]

T
k_ k=12 €2 k_ wk—1y(12
<Elw w1 [ IDev ) ae

+2B[e] A"~ p Dz r +Act| V(e ~p* )

27l

14



Therefore,

T
[whH! — wh %T+;_2/ |D(WH —wh)||2dT — 0 as k — oo (5.7)
) e 0

and
AP T = p") 5+ At |[V(pF = p") 5 — Oask — oo (5.8)

Therefore by (5.8) and by the inequality

2

IV (p ! —p) 57)

31 < Cela@E = ph) I3+ At V(p*H - pb)

it follows that
IV(p T —p")57 — Oask — oo

By Lemma B.1

k-+1

1P+ —p*[l5r — 0ask — oo

which completes the proof.
5.3 Convergence to Solution of Nonlinear Equations

We will now prove the convergence of the sequence of solutions {wX}, {p*} to a unique solution
of the nonlinear system. From (5.7) and (5.8) we conclude that ||wf+! — wk H%T — 0 and

|p*+! — p*||3. 7 — 0 as k — oo. Therefore, there exist w € C([0,T], H*(T?)) and

p € C([0,T],H*(T?)) such that ||w* —WH%T — 0 and ||p¥ —p||4217T — 0 as k — 0. Using the stan-
dard interpolation inequality | ]l < CI|f|[$[ /1%, with & = =5, and |lglly11 < Cllg[§ 1gll; T,
with B = Ss%g, with s’ < 5, we conclude that [|[w* —w||y 7 — 0 and ||p* —p||y417 — Oask — o
for any s’ < s. For s’ > § 4+ 4 = 5 Sobolev’s lemma implies that w* — w € C([0,T],C*(T?)) and
p* = p € C([0,T],C>(T?)). Since p*(xo,t) = po(t) for all k, p(Xg,t) = po(t). From the linear

system of equations (4.6) it follows that

15



WK —wi||y 2.7 — 0 as k — oo, so that wk — w, € C([0,T],C*(T?)). Since p¥™1, w**! is a solution
of (4.6)-(4.8) for k > 0, it follows that p, w is a classical solution of (4.3)-(4.5).

We will now prove uniqueness of a solution by examining two solutions to equations (4.3),
(4.4). We will denote the solutions as wy, wa, p1, and po. The solutions have the regularity

outlined above and satisfy

w1 (x,0) = wa(x,0) = wp(x)

p1(xo,t) = p2(x0,t) = po(t)

To prove uniqueness we must show that p;y = p, and w; = wp. We start by determining the
differences of equation (4.3)
Ap (P)V(p1— p2)
p1
A(W] — Wz) —l—CVA(pl — PZ) +F

(Wl — Wz)t + (W] —l-V(])) . V(W] —Wz) +

1
~ piRe

where

Ap A
F=(wy—wp)-Vwy+ (W2 —wyp)-VVo +( pp(2p2> _ Pp(lpl))vpz
Hoke ok ™™ ok ~ o VYA

By using the contraction estimate, it follows that

T
2
[wi —wa|5 7+ 1@/0 ID(wy —w2)[13dT+2B[Act|V(p1 — p2) |57 +cllA(pr — p2)l5.7] =0

and ||p; — p2 H4217T = (0 by Lemma B.1. This completes the proof of the main theorem.
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CHAPTER VI: CONCLUSION

In conclusion, we have proved the existence of a unique solution to the system of equations (3.15)
and (3.16) under periodic boundary conditions for the time interval 0 <t < 7T'. The data for the sys-
tem consists of an initial velocity, density data at a point in the spatial domain, and the divergence
of velocity. This system of equations models a compressible barotropic fluid. The equations are
modified versions of the compressible Navier-Stokes equations with the inclusion of a capillary
stress term. Specifically, the main new result of this thesis is the use of density data at a given
point in the spatial domain instead of using initial density. The methodology utilized in this thesis
is the method of successive approximations. We defined an iteration scheme based on solving a
linearized version of the equations, then proved convergence of the sequence of approximate so-
lutions to a unique solution of the nonlinear system. This methodology can be applied to future
research problems, such as fluid flow problems where the data such as the concentration of a solute
(such as a pollutant) in a fluid or the temperature of the fluid is known at a given point. Other

possible future research could use boundary conditions which are not periodic.
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APPENDIX A: PROOF OF LINEAR EXISTENCE

We now prove the existence of a solution to the linear system of equations (4.6)-(4.10) for each

fixed k. The proof of the following lemma appears in Denny [8].
Lemma A.1

Given a € C([0,T],H*(Q))NL>([0,T],H*1(Q)) and £ € C([0,T],H*(Q)) NL=([0,T],H 2(Q)),
where s > ]7\/—1—4, a(x,t) > cy, withc; >0 forx € Q, Q =TV, 0 <t < T, there is a classical

solution 8 € C([0,T],C°(Q))NL>([0,T],H 1 (Q)) of
cA’0 —AV-(aV0) =V -f

Here c is a positive constant.

The next lemma proves the existence of a solution to the linear system of equations.
Lemma A.2

Given f € C((0,T],C>(Q)NL=([0,T],H**1(Q)), f; € L([0,T], H*1(Q)), Jq fdx =0,
reC([0,T],C3(Q))NL>([0,T],H1(Q)), and g € C([0,T],C*Q))NL>([0,T], H*(Q)), and given
s> %’—1—4, a(x,t) > cy, withc; > 0forx € Q, Q =TV, 0 <t < T, there is a solution

ue C([0,T],CHQ))NL>([0,T],H (Q))NL*([0,T], HF1(Q)),
he C([0,T],C3(Q))NL>([0,T], H**(Q)) of

-+ Vo + (q+ Vo) V(u+ Vo) + lp}/,('") Vh

_ 4
= o= (Aut (14 7)VAQ) +cVAh (A.2)

20



V.u=0 (A.3)

Ap=f (A4)
h(xo,t) = po(?) (A.5)
u(x,0) = wo(x) (A.6)

Here, c is a positive constant.

Proof: We will now apply the operators P and Q which perform the orthogonal projection of
L?(T?) onto the solenoidal vector field and the gradient vector field [4]. Equation (A.2) becomes
after projection by P

u+(q+9)-V(u+ V) — 0l(q+v9) - V(Pu+ V)| + P 2V
= %@AU—Q[ﬂlTeAPU]+P[ﬂl‘fe(l+%)VA¢)] (A7)

and under projection by Q

Ol + Vo, +0((a +V6)-¥(Pu+ 7)) + 1210V

1 1 Y -

which is equivalent to

V-l Vo +0((a + V9) -V (Pu+ Vo)) + 42OV

1 1 Y B

Since V -u = 0, the previous equation can be rewritten as

A+ V- [0((a+ V) - V(Put Vo)) +v- 2 POV

]

V. [O(——APW) -V [%e(l + )vag) - ea’n=0

rRe

Now rearranging the terms yields

v PPV v o((a+ v9) - V(Pu+ V)

V0 AP -V [ (14 D) (AS)

rRe rRe
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where A¢ = f. We will next prove the existence of a solution u and % to equations (A.7) and (A.8).
In order to prove the existence of a solution, we will use a sequence of approximate solutions for
u and 4. Let u® = wy and 1% = py be the initial iterates of u* and /* respectively. We will use the

following iteration scheme

1
u (g V9) V(' Vg) - At

rRe
— 0lla+ve)-v(rut + 7)) - P LIV
0l APW Pl (14 v ) (A9)
it -y p POV v foia +ve)- V(R + V)
V0 AP -V [ (14 D) (A.10)

The proof of the existence of a solution #**! to equation (A.10) appears in Lemma A.1 where we

take
1 1
£= Vg, +0((a-+V9)V(Pu+V9)) — 0(—APu) — ——(1+ L)vy
0 = hk+1
.= P

where a € C([0,T],H®) N L>([0,T], H**1(Q)).
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And f € C([0,T],H°)NL=([0,T],H*"'(Q)) because

81 = 199, +Q((a+ V0)- V(P +V6)) O aPu) — — (14 L)),
< CIV01 + 104 +79) ST
QAP s +Cll (14 1)V
I +Cla ¥l VW 4 T4
(s -2l Puls+ (14 D) V7
scnw»us_l+c<||q||s_1+||v¢||s_1><||v<Puk>||s_1+||vv¢||s_1>
Dl 2t Cll e (14 D V7
gcuwuH+c<uquH+uwusqxuukuﬁuwus)

+CH—HS IHukrls+CH—(1+ s-allA1ls (A.11)

where ||V ||s—1 < C| fi|ls—2 and ||[V@||s—1 < C||f]|s—2 by Lemma B.1. It follows that

VAR < e Q[HftHs 2+ (lalE g+ A1) (13 + [1F1E-)

+||—||s 1||uk||s+||—(1+ =1 IA15] (A.12)

by Lemma B.2. We will begin the proof that equation (A.9) has a solution for each fixed k by the
Galerkin method. We begin this method by letting g = u**!. We choose an orthonormal basis
®;(x,y), fori=1,2,3,... for L?>(T?) and define the projection operator P" so that it approximates
any function with a linear combination of the first m components in the chosen basis. Using this

basis we approximate g with
Plg=g"
=T 0 (1) Di(x,y) (A.13)
We use a linear system of differential equations to find each g”. We start with equation (A.9)

1
w4 (q+Ve) -Vt 4ve) — EAuk“ — F* (A.14)

23



P/ (r)th+1
]

where F¥ = Q[(q+V¢) - V(Puk + V¢)] — P[A — O[-k-APU¥] + P[-L-(1+ L)V)]. Since

g= ukt! equation (A.14) becomes

1
V¢)-V Vo)——Ag=G
g+(q+V9) Vig+Vo)— - Ag
where G = F*. Applying the operator P yields
1
g' +P"((q+V9) V(g" +V9)) —P"(—-Ag") = P"G (A.15)
Plugging in equation (A.13) into (A.15) gives

1 84() P+ P"((q+ V) - V(ZI 6(1)Pi + V9)) —Pm(ézﬁl&i(I)A‘Pi)

=P"G
We take the L? inner product with @, where 1 < j < m, to get

- ~ 1 -
(Zi21 8i(1) @i+ PP ((q+ V) - V(EEZ Gi(1)Pi+ V) — P"(— X1 0(1)AP:), D))

= (P"G,®) (A.16)
Simplifying equation (A.16) gives
- 1 ol m m
Oj = o Tt G(P" (—AD), @) — (P"((q+V¢) - V(EL,6,(1)Pi +V9)), @) + (P"G, D))

Each ¢; can be determined by solving the above system of ordinary differential equations. We
will now prove the convergence of g” = X" | 0;(1)®;(x,y) as m — co. The first fact utilized is

that because a;(¢)7, € C([0,T]), g" € C'([0,T],H") for any r > O (see, e.g., Embid [11]). We
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estimate ||G||; as follows

(r) VR

IGIl; = | Ql(q+V9) - V(Pu* +V¢)] — P.L ]

r

1 k 1 Y
_ Q[%Apu ] +P[@(1 + ;)me’s

k41
<clol(a+v6)- V(P + Vo))l +Clpa Yy,

1 1
+ CIQL - APU s+ P (14 D)V )

A
<Cllq+ Vol <|ruk|r 190l + CIDAED )

1
rRe

Ap'(r
sc<||q|rs+||v¢||s><||u"||s+||v¢||s+1>+an< P,

+CIID( ls— 1+ 1D(—- (+;))I|s||Vf||H

1
D a1+ DA (14 D)),
A
c<uqus+uwus><uukus+|rv¢|rs+1>+cuD< P >>|r IVH

1
0 + 1))k

+C||D( ls—1(lulls + [Dutfl) + 1D(-

where VA € 17(]0,T], H~1(Q) by (A.12). Next we will derive a Sobolev space estimate for
g and use this to prove convergence to g. By applying Lemma B.3 to equation (A.15), we derive

the estimate

2 t t
g1+ = [ 108" Far < Cliwoll2+ [ GIa] (A1)

where C is a constant and G € L=([0,T],H*(Q)) N L*([0,T],H*T!(Q)). Since the right-hand
side of inequality (A.17) does not depend on m, and we can take ||wo||? to be bounded, we
have from inequality (A.17) that || gmHiT + 2 J& | Dg™||2d7 is bounded. This gives a bound in
L>([0,T],H*(Q))NL*([0,T], H ' (Q)). We will now show equicontinuity. From equation (A.15),
we may derive
, 1
g5 = IP"G — P"((a+V9)-V(g" +V9)) + P"(—-Ag") 5
1
< ClIP"GIl+ [P ((a+ V) - V(g" + Vo))l + IP" (2™l
1
ClIGI5+ g+ VoLV (e" + VO)llo + |7~ Ag" 5]
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This establishes equicontinuity (see, e.g., Embid [11]). Now we use Arzeld -Ascoli theorem
and the weak—x* compactness of bounded sets in L=([0,T],H*(Q)), to conclude that there is a
subsequence {g”'} of {g"} such that g” — g, with g € C([0,T],H°(Q)) NL=([0,T], H*(Q)) N

L2([0,T], H*t1(Q)). Moreover, since every g" satisfies equation (A.17), we can deduce
2 & [ 200 < 2 ! 2
lells + & | [1Dgllsdz < Clliwolls + | [IGllsd7]
eJo 0
using the method of Embid [11]. Each gm, satisfies
/ 1 /
g"” w0+/ P"(G—(q+V9)-V(g" —I—Vq))%—@Agm )dt (A.18)

Since g" — g and P G — P" ((q+V9)-V(g" +V¢)) + P" (A" ")) is uniformly bounded,
P"(G —(q+V9)-V(g" + V) + Ag") = G — (q+V9) - V(E+ VO) + 7508 as m' — oo
pointwise. By the Lebesgue’s dominated convergence theorem, we can therefore conclude from

equation (A.18) that

1
g= W0+/ —(q+V9)- (g+V¢)+@Ag)dT

This equation means that g satisfies equation (A.14). Therefore a solution u**! € C([0,T],C*(Q))N
L>([0,T],H*(Q))NL*([0,T],H**1(Q)) to equation (A.14) exists. We will now prove the conver-
gence of the sequences {u**!}, {#**1} to a solution u, & of the linear system of equations. We

begin by subtracting the subsequent iterations of equations (A.9) and (A.10)

1
_A(uk+l o uk)

(V)

r

(uk—H —uk)t+(q+V¢) -V(uk+l —llk) o

— 0[(q+V9)- V(Puk —ut1))] —PA L 1

_Q[rRe (u— "] (A.19)
CAZ(thrl —hk) _V. Mp ( )V<h:+l _hk)]
=V [0((a+V9) V(P —ut )] -V [ AP k] (A20)
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Applying Lemma B.2 to equation (A.20) yields

IV(HH = K < Clella™! —hk)llf LAt [VRE = r) 3 )

< ol IPGIE AP — w1
10 +90) VP
< e IPCIR ol =B+ fla+ VI~
< o R (A21)

where 51 = max{s — 2,2} and K; depends on ||q||s—1 7,

f||S—2,T’

apply Lemma B.3 to equation (A.19) to derive an estimate for u*. We start by letting

r||s, 7, Re, and 5. Next we will

h=r
a(h) = p/g’)
b(h) :%

F= 0l(a+v9) V(P ~u"))] - O b AP(wt ~ w1

We will now show the regularity for each.
10(a+V9) - VP(u —u*"H)[F < Cllg+ Vo |f|ju —u* 7|3
and by Lemma B.1

1
Q- AP(k —u )2 < € P b2
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Applying Lemma B.3 yields

t

e R A L O

1
<c/ |Ql(a-+V9)- V(P —u* ))1— Ol AP — )] Fds
s,T+| Re : —“k_lH?,T]
1 ! _
+Cll 37 / ||D<u’<—uk Y2
2wt

c 1 _
+ =l 127 /0 ||D<uk—uk SR

1 T
k k=12 k k=142
TRyt w2+ Ko [ DG~ u ) e

<CT(llq+ Vol rfu* —u*

<CT(|

where K depends on ||q||s,7, ||f|[s—1,7, ||7]|s,7, ¢1, and 5. For a small enough time interval 7 <

and <5

||uk+l_ k2 23

T T
D! —u)|3dr < Kaflu — w2+ 22 [ DGt w1 ]
) e 0

where 0 < K3 < 1. It follows that [[u**! —u¥||2, + & (MDA —ub)|2dT — 0 as k — .
Inequality (A.21) implies that ||V (**! —1¥)[|? ;. — 0 as k — eo. Then Lemma B.1 implies [|A**! —
hk HYle r — 0 as k — oo. Therefore, there exist 4 € C([0,T],C5(Q)) NL=([0,T],H**1(Q)) and
uc C([0,T],c*(Q))NL>([0,T],H(Q))NL>([0,T],H*1(Q)) such that

|u¥ — uHET +2 fo |D(u* —u)||2dt — 0 as k — eo and ||* —h||2, | 7 — 0as k— oo. Since Rk

u“*! is a solution of (A.9), (A.10) for k > 0, it follows that A, u is a solution of (A.7), (A.8).
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APPENDIX B: SUPPORTING LEMMAS

Lemma B.1 Standard Sobolev Space Inequalities

(a) If f € H(Q), where Q C RN, and r = Bm+ (1 — B)n, with 0 < B < 1 and m < n, then

£l < CIAARIALP

Here C is a constant which depends on m, n, N, and 2.

(b) Let g(u) be a smooth function on G, where u(X) is a continuous function and where u(x) € G;

forx € Qand Gy C Gandu € H" (Q)NL*(Q). Then forr > 1,
r dg r—1
ID"(g())llo = €| >1,—1.6, (1 + lul=)"" [ Dull 1

where |h|, 6 = max{|%’}(u*)| :uy € G1,0 < j <r}, and where C depends on r and Q.

(¢) And,
dg
g () =g W)llr < Cl—" 16, (14 fatl= + Vi) (el + [V e = vl

j+1 —
where |%‘r761 = max{\%(u*ﬂ uy € G1,0 < j <r}, where Q ="TY, the N-dimensional torus,

and where the constant C depends on r, Q2.

(d) If f € H(Q), g € H2(Q), and s3 = min{s1,s2,51 + 53— 50} > 0, where so = [§] + 1, then
fe e H3(Q), and || fgllsy < C||flls,||glls, where the constant C depends on sy,s2,Q. We note that
so=2forN=2orN=23.

(e) If Df € H"(Q), g € H(Q), where r| = max{r—1,s0}, so = [%’] + 1, then for any r > 1,

f, g satisfy the estimate |D*(fg) — fD%gl|lo < C\|Df ||, lg|l-—1, where r = ||, and the constant C

depends on r, Q.
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(f) Let u, w € H*>(Q) be functions on a bounded, open, convex domain Q. If u(xg) = w(xo) at

a single point Xo € Q, then uw — w and u satisfy the estimates

lu—w][§ < C|V(u—w)|]
lall§ < ClIwlig +Cl[ VWi +C]|Vuli

[u—w|z= < C||V(u—w)[I}

(g) Let n(-) be a nonnegative, absolutely continuous functions on [0, T|, which satisfies for a.e. t

the differential inequality

n'(t) <o@)n(t) +w(r)

where ¢ (t) and y(t) are nonnegative, summable functions on [0,T]. Then

1) < B (0)+ [ yis)a

forall0 <t <T.

(h) Givena € H'1(Q), f € H'(Q), r > %+3, Q =TV, then P(aVf) € H(Q), and ||P(aVf)|, <

C||Dal||+||V fl||r—1, where P is the projection onto the solenoidal vector field.

(i) If r>5 +1 and Q =TV, then ||Q(aAPu)|,—1 < C||Da||;—>||Pul|,. Also,

O(v- VP, <
CIvil-full-

(j) If a is a sufficiently smooth function of u and u € H°(Q) and uy is a constant such that

|u—up|r~ <R, then

da

2 2 2

ID(a())lls-1 < €15, 6, 1Vl

where |44 51.G| = max{|%(u*)| cux € G1,0 < j < s1}, where sy = max{s — 1,2}, and where

Q =TV, the N-dimensional torus, and C depends on s, R, u.
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(k) If f is sufficiently smooth and [, fdx = 0 where Q = T2, the two-dimensional torus, then there

exist a unique solution Vo to A¢ = f and ||V@||, < C||f||,—1 where C depends on r.

The proofs of (a)-(k) can be found in [5], [11], and [12].
Lemma B.2: ||Ap||? +||Vp|? Estimate

Ifv, w, a(h), b(h), and F are sufficiently smooth in
cA’p -V -A(a(h)Vp)=V-(v-Vw)—V. Rie(b(h)AW) +V.F (B.1)

where a is a positive smooth function of h, 0 < ¢y < a(h), V-w =0, c is a positive constant, and
|\Da(h)||,, < &cy where ry =max{r—1,2}, then

c .1
IVPl741 < ClellApllf +2er[[VpllF) < ﬂ,_cl[R_eZHDb(h)H%H_l 1AWy + (v VwlZ + [ F7]

where C depends on r, and r > 2.
Proof:

Letp=p— ﬁ Jr2 pdx. Start by taking the inner product of equation (B.1) against p to obtain

(€A%p,) — (V- A(a(W)Vp),p) = (V- (v-w) ~ V- —_(b(h)Aw) + ¥ -F.p)

e

= (V- (v-VW).p) — (V- o (b(h)AW),p) + (V -F. p)

e

Via integration by parts we obtain

L (Vb(h)- Aw,5)  (F,Vp)

e

(cAp,Ap)+A(a(h)Vp,Vp) = —(v-Vw,Vp)
from this equation and 0 < ¢; < a(h) so we can say
clapllg+Actl[Volls < [I(v-Vw,Vp)| + !é(Vb(h) -Aw,p)| +|(F,Vp)]] (B.2)
Using Cauchy’s inequality with €, the first term in inequality (B.2) becomes

|(v-Vw,Vp)| < lv- Vw5 +edei|[Vpll3 (B.3)

487LC1
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In the same way the second term becomes

1 1
—|(Vb(h 0)| < ———=—||Vb(h) - AW||§+erc1||pl3
2 (Vo) AW). P < o Vo) - AW+ e |51
1
< ————|Vb(h) |3 || AW|[3 + €dc1] 1P I3 B.4
< qerozie | VoI [AW]3 + e 151 B4)
Similarly, the last term in inequality (B.2) becomes
|(F,Vp)| < —HF|\0+87tclHVP||o (B.5)

Combining and simplifying inequalities (B.2), (B.3), (B.4), and (B.5) we obtain

1
Apll3+ e |Vp |3 < Vb(h)|7-|| Aw][3
cllapl +Aer |V <[z (v >Ho+4m VB3 Aw];
+ereplo+ o |!F||o+287LCIHVPHo] (B.6)
Using Poincaré’s inequality
1A <ClIVel

we derive from inequality (B.6) where € < (2C+4)

C 1
clldplly+Acrl|Volls < 7 lI(v-VW)llo + 5 Vo) E=llAwlo + [Flo]  B.7)
Applying D% to equation (B.1) gives
1

cA’Dp V- A(a(W)D*(Vp)) = D*(V - (v- VW) = V- (-b(W)D*(Aw)) + D*(G)  (BS)

where
D*(G) = ——-[D*(V- (b(h)Aw)) — V - (b(h)D* (Aw) )]
V- [AD%(a(h)Vp) — A(a(h)D*(Vp))] + D*(V -F)
For notational purposes, we will write
D% = pq
D%w = wy,
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So now the equation (B.8) can be written as

A2pa—V - A(a(h)Vpa) = V- (v-VW)g— V- Ri(b(h)Awa) + G

e

Taking the inner product of both sides of this equation with respect to py gives

(cA%P, pa) = (V- A(a(h)VPa), Pa)

= (V- (v-VW)arpa) ~ (V- o (b(W)AWa) Pa) + (Gar o)

Via integration by parts we obtain

(cApa, Ap) + (Ra(h)V pa, Vpa) = —((v- VW), V) ~

e

(Vb(h) - AwWg, pa) + (Gas Pa)
From this equation and 0 < ¢ < a(h) we can say
1
ellApalf+ Aer| Vel < [1((v- VW), Vpa) + | (V5(h)-Awa pa) +|(Ga.pa)l]  (BI)

We can estimate the first and second term in inequality (B.9) by applying Cauchy’s inequality with

€. The first term is as follows

(V- VW), Voo )| < [[(V-VW)allo[[VPallo

<

aene 1v-VwWlalli + eder[[Vpals (B.10)

The second term in inequality (B.9) is estimated as follows

1 1 1
| (Vb(h) - Awa, )| < o (Vh(R) - AWa_p. o)+ oo (Vh(h)5 - Awe_p.pa)]

e

1 1
< 2o lIVo(h) -Awg_gllollpoipllo+ - [VE(h)g - AWopllollPallo

1

1
< o IDB(R) =]} A%w g ol P plo + DB (R)g 1= 1A% g lollpalo

(Db ()| 7-=[|Awq g 5 + [Db(h)g|7=I1Awq 5[5

1
< - -
~ 4eRe?Ac; 4eReAcy

+edct||paspllo +rerl|pally (B.11)
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where |B| =1 and 1 < |a|. The last term in inequality (B.9) is estimated as follows. Start by

integrating by parts to obtain

[(GasPa)| < A|(V-[(a(h)VP)a —a(h)Vpal,Pa)

F o (V- [(6(0)AW) e~ b(R)AWe], pe)] + (Y -Far o)

< A([(a(h)VP)a —a(h)Vpal,Vpa)|

+ éK[(b(h)Aw)“ — b(h)AWa], Vpa)| +|(Fe, Vo)

From this we obtain the following inequality

((Gas pa)| < All(a(h)VP)a —a(h)VpallolVoello

1
+ 2o IO AW) o = b(h)AWa o][VPallo + |[Fallol|VPallo (B.12)

Applying the commutator estimate from Lemma B.1, the first and second part of inequality

(B.12) becomes

[(a(h)Vp) e —a(h)Vpallo < Cl|Da(h) |k, [[Ve lle-1

| (b(R)AW)a — b(h)AW) o < ClLDB(R) |4, 1AW ] (B.13)

where k; = max{k— 1,2} and k = ||

Combining inequalities (B.13) with (B.12) gives

(Ga; pa)| < CA[[Da(h) |l VP llk-11VPallo

C
+ Db AWl [VPalo + [Faloll Vpalo  (B.14)
Now applying Cauchy’s inequality with € to (B.14) gives
(Ga, pa)| < CA[[Da(h) |l VP lle-1VPallo+

1
48161

————|Db(h)||}, | Aw][;
48Re2/1c1H () I, 1AWl

+ |Fq||3 4+ Ceret||Vpyl3 (B.15)
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Combining inequalities (B.9), (B.10), (B.11), and (B.15) we obtain

cllApall§+ci2 | Vealld

1 2 1 2 2
< Lo |0 IWalB+ oo g DB(8) -+ o Db ) w13
C
+cx|\Da< a9l 1 VPallo+ 32 oz DB IR, AwiE
+ oo IFall + Cerer[Vpalf + eheillpas gl +ereilpalll .16

Summing inequality (B.16) over 1 < |ot| < r and over |B| = 1 as well as adding the L? estimate

inequality (B.7),we get

I7

1 1
cllap|F+ad VPl < Cly—llv- Vwli+ Db(h) - + o5 Dbl awlE

(|
4eldcy " Re?

+l|!Da(h)\|rlllVPH3+ IDB(R) |17 1Aw]7

4eRe?Ac

+ e /1 I[[7]+CeAct|[Vp |7+ Ceder || Vo7 (B.17)

where C depends on r.

We are given that
[Da(h)|l, < &ci
From Lemma B.1 we have:
[Db(h) |+ [D*b(h)|f= + | DB(R) |7, < C|Db(R)|7 4

Combining like terms in inequality (B.17) gives us

C
cllap7 +ei2|[Vpl7 < Tedc: [R Db, IAWE - + (V- Vw7 + [[F[[7) + Ceder [ VplI7

where € < % and where C depends on r. Combining like terms one more time gives

IVP741 < ClellApllf +2er[[Vpll7) < —[ 2 |1Db(h 7 [AWIE -+ [[v - Vw7 + (|17
(B.18)

where C depends on r which completes the proof.
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Lemma B.3: [|wl||? + 22 [§[[Vw]||?d7 Estimate

Ifve H (Q), a(h) € H(Q), b(h) e H(Q), f € H'(Q), and F € H'(Q), Q = T?,

1D(a()lr, < &cy, in
1
Wi+ V- VW = -b(h)Aw — Aa(k)Vp +cVAp + F (B.19)

where w(x,0) = wo(x), wo € H'(T?), V-w =0, V-v=f, b(h) > c; >0, a(h) > ¢ >0, and

t €10,T] then
2, [T 2 2 T
IwiZ+ <2 [ Ipwlizdr < Clliwol+ [ [1Fl2a
e Jo 0

where C depends on r, and r > 3.
Proof:
We will start by determining an L? estimate for w. Let p = p — |T1—2| Jr2 pdx. We start by taking the

inner product of (B.19) against w

(We, W) = —(v-Vw, w) + Rie(b(h)Aw,w)  A(a(h)Vp. W)+ (cVAp, W)+ (F.w)  (B.20)

The term on the left becomes

1d
(wi,w) = 5 [IWllg (B21)

Because V - v = f the first term on the right becomes

—(v-Vw,w) < |(v-Vw,w)|
1

< _

-2
1
= S 1flu=Iw3 (B.22)

2
V- vle=[wllo

The second term on the right is

1 1
— (b(h)AW, W) = — Aw-
Re<b(h) W, W) Re /Ezb(h) W - WdX
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Via integration by parts we obtain

1 1 ) 1 ;
— : - - \v4 Vw) -
Re sz(h)Aw wdx R /sz(h)|Dw| dx o /1?2(( b(h))" -Vw) - wdx

Therefore, we have

o (bW, w) < —2Z [ Dw|[3+ Db}~ [Dwlo Wl ®.23)
where ¢y < b(h). The third term of the right side of (B.20) becomes
_A(a(h)Vp,w) = A /T all)Vp-wix=—=2 | Vp-(a(bywydx
Via integration by parts we obtain
—A(a(h)Vp,w) =1 - pV - (a(h)w)dx
=2 [ (pVa(n)-wx+2 /Tz a(h)B(V - w)dx
Since V-w =0 we get
2 (a(h)Vp,w) = 2(pVa(h),w)

and by Poincaré’s inequality

—A(a(R)Vp,w) < Al(a(R)Vp,w)|
< CA[|pllolDa(h)|=[Iwllo

< CA|IVpllolDa(h)|r=|wllo (B.24)
Since V- w = 0, the fourth term in (B.20) becomes
(cVAp,w) = —(cAp,V-w) =0 (B.25)
The final term in (B.20) is bounded by

(F,w) <|[(F,w)|

< ||Flo/|wlo (B.26)
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Combining inequalities, applying Cauchy’s inequality with €, and applying the Sobolev inequali-

ties from Lemma B.1 to (B.20), (B.21), (B.22), (B.23), (B.24), (B.25), and (B.26) gives

26‘2

C
2 2
R—eHVWHo < |fle=lIwllo+ R—e!Db(h)!LwHDWHOHWHO

d 2
EHWHO+
+CA|[Vpllo|Da(h)|r=([wllo+2[[Fllol|wlo

2&c
2 2 2 2 2
< Ufla- Wl + =22 | DwlF+ &V 3 + €l ¥

C 1 )
—(1 Db(h
+ 5+ Do)

+A2(IDa(n)|7) w5

where r| = max{r—1,2} and 0 < € < 1. Rearranging terms yields

d. 5 2c(1—¢) s
= e YW
Sl +——1IVwl5

C 1
<[ Vpll+ellF g+ (fle-+ 2 (1+ ml!l)b(h)\lfl +2%(IDa(h)[7)) WIS
where C depends on r.

We now apply the D% operator to (B.19) and obtain
1
(D%*W); = —v-V(D%W) + R—b(h)A(DO‘w) —2Aa(h)V(D%p)+D%*(cVAp) +Hyg
e

where

Ho = Rie [D%(b(h)Aw) — b(R)A(D*w)] — A[D*(a(h)Vp) — a(h)V(D%p)]

— [D%(v-Vw) —v-V(D%W)] + D*F

For notational purposes, we will write

D%p = pq
D% = wy,

We now take the inner product of both sides of equation (B.28) with w, to obtain

1d
__HWaH(Z) = ((Wa)r, War)

2dt
1
=—(v-Vwg,Wq) + E(b(h)Awa,Wa) —A(a(h)Vpe,Wq)

+ (cVApa,Wa) + (Ho, Wa)
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We will now estimate each term on the right side of equation (B.29). Because V- v = f the first

term on the right becomes

— (V- VW, Wo) < |(V-VWg,Wq)|

1
< §|V'V\L°°HWaH(2)
1
= §|f|L°°||WaH% (B.30)

Via integration by parts the second term in inequality (B.29) becomes

1 1
(D) AW, Wa) = o /T b(h)AWa - Wadx

_ 1 5 1 ,
=—= sz(h)\Dwa| dX_R_e/Tz((Vb(h)) VW) - Wedx

We can use Cauchy’s inequality with €, Sobolev inequalities and ¢, < b(h) to obtain

1

c C
o (D) AW, Wa) < = 22 [DWal -+ 2 [Db(R) |~ | DWal o[ wal o

(6] 2 ECy 2 C 2 2
< ——||Dw —||Dwq||lg+ ——=||Db(h w B.31

Via Sobolev inequalities and Cauchy’s inequality with €, and since V- w = 0, the third term be-

comes

—A(a(h)Vpa,Wa) < CA||pallo|Dalh)|r=]Wallo
CA?

< &llpalls + =~ IDa(m)[l7 wallo (B.32)
Since V - w = 0, the fourth term in (B.20) becomes
(CVApa,Wa) = _(CApa, V . Wa) - 0 (B33)

The final term in inequality (B.29) becomes

1

(Ho,We) = E((b(h)AW)a —b(h)AWg, Wa) = A((a(h)VP)a — a(h)VPa, Wa)

— (V- VW) —V-Vwg,Wg) + (Fo, Wa)
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where | 3| = 1. This equation is bounded by

(Ho, Wo) < 1%” (b(R)AW) o — b(h)AWe|lo][Wello + Al (a(R)VP)o — a(h)VpallolWallo

(V- VW) =v-VWallol|Wallo+ [|Fallofwallo (B.34)

Now applying the low-norm commutator estimate from Lemma B.1 gives

1(b(h)AW) . = b(h)AWg |0 < C|[Db(R) |k, | AW||i—1
1(a(h)Vp)a —a(h)Vpallo < Cl|Da(h)|| VP lle-1

[(v- VW) = v-VWwallo < C[[DV([, [[VW][r-1

where k = || and k; = max{k —1,2}. Now applying the low-norm commutator estimates and

Cauchy’s inequality with € to inequality (B.34) we obtain

C
(Ha,Wa) < - [[Db(h) [k, |AWl[k—1][Wallo +CA[[Da(h) |k, VP llk-1][Wallo

+CIDV[ VW li-1lwallo + [FallollWallo

ECy
<_||Awl|k 1+ €Vl +ClDV|[g, [[VW]lx- 1||Wa||o+—||Fa||o

+C( 1
€ crRe

IDb(R) 7, +A%[Da(h)|[) I Wall§ + illwaHo (B.35)

Combining inequalities (B.30), (B.31), (B.32), (B.33), and (B.35) with (B.29) gives

2€ec)

d 2c 2ec
2 o 1 DWal§+2¢ 1 allf + =7

Ellwalléﬂt IVwell§ < IIAWIIk 1 +2€l|VplE

+CHDV||1<1HVW||1<—1HWa||o+IIFaHo
c(1 lLDth A2\ Da(h)||? 2 (B.36
+C( +|f|L°°+£(czRe|| (MW lg, +A7[IDa(h) |z, )Iweally  (B.36)

Summing inequality (B.27) and (B.36) over 0 < || < r and applying Poincaré’s inequality gives

2
Vw7

H 2+ 2¢2(1—€—Ce)
Re

< Ce|[Vp[2, +Cle+ 1)[[F|2

1 1
+CU+ 1S+ 1DVl + (14 ([ Db(R )7, +A2(Da(R)|[7)) w7
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Substituting the estimate for |[Vp||?_, from Lemma B.2 yields

d s 2c(l—€e—Ce)
Iwii2+ e

Ce
<% 2[R SIDB(R) 7 1AW + [|v- Vw7 + [[F])7_ 4]

IVwli?

+C(e+ 1)|[F||; +C[L+|fle=+ D],

l<1+LHDb< W2 + A2 Da(h) |2 )] [w]?

Ce Ce
< —IIDb( Z W2+ 5 [vI[7_ [ wl);
12 2R 2 1 ;Lz %
F||2 ,+C 1)||F||?
AZZH ;-1 +C(e+1)||[F[[;
1
+C[1+ | flr=+ |DV||r, + ( +—HDb( )7 +A%e2et)]||wl|?

< Ce+ DIFIE+Cl1+|flim + 1D, + 55 VI
1

2
€ 1
+ IDb(R)|17,) + Aeci]||wlf?

1
1
T ( +(7Lz 2Re2 coRe

where C depends on r.

Using Gronwall’s inequality gives

Wiz + 2 [ owlas

fo COHIflu= +IDYy+ 2 VIR 1+ G S+ ey DD IR, +2%echae
e [lIwoll;

T
+/O Cle+1)|[F|2d1]

2¢y(1—e—Ce)

where € is sufficiently small so that Re

> 2. We used the facts that

(7)1 Db(R )Hrn r < € and ||Da(h)|; r < €c;. We remark that £ = O(1). And T is sufficiently
small so that

CT(U 4| flimr + 1DV + 752 V171 7 + & + Gl + aome) IPEO)]F, 7+ A%ect) = O(1).

We obtain
», [T 2 2 LT
Wiz + o | IDWllrdT < Cll[wollz + | = |[F|l/d7]
e Jo 0
where C depends on » which completes the proof.
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