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ABSTRACT

We consider the spatial-temporal model of multi-species population distribution in two-dimensional
heterogeneous domains. A coupled system of time-dependent diffusion-reaction equations de-
scribes the mathematical model of such problems. To solve the problem numerically, we construct
an unstructured grid that resolves inclusions on the grid level and produces a semi-discrete sys-
tem using a finite element method. For time approximation, we apply an explicit-implicit scheme
where the reaction term of the equation is taken from the previous time layer. We present numerical
results for several test problems to investigate the influence of the geometry and parameters on time
to reach equilibrium and the final equilibrium state. An extension of the model is also considered,
where we add a memory effect by introducing a time-fractional multi-species model. We derive an
implicit finite difference approximation for time discretization based on Caputo’s time fractional

derivative. A numerical investigation is performed for various orders of the time derivative.
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CHAPTER 1: INTRODUCTION

Reaction-diffusion equations are widely used to describe phenomena related to pattern-formation
in various biological, chemical, and physical systems [11, 5} 13, 14]]. The reaction term naturally
appears in various chemistry models to reflect the change in the concentration of one or more
chemical species [3, 9, 2, 4]. Chemical reactions transform one substance into another, and the
diffusion process causes substances to spread across the spatial domain. Application to the marsh
ecosystems for the wetlands at the Nueces River mouth is presented in [12]]. In [15], the set of
the nonlinear equations is considered for a theory of heat and mass transfer in reactive media and
mathematical biology.

In this work, we consider one and two-species models described by unsteady diffusion-reaction
equations [22, 21]]. The problems in a two-dimensional heterogeneous domain are investigated nu-
merically. We consider a test domain that contains 40 random circle inclusions with varying radii.
To construct an accurate approximation by space, we generate unstructured grids that resolve the
boundary of the inclusions on the grid level [20,16,6]]. The discrete system is constructed using the
finite element method and semi-implicit time approximation. In semi-implicit time approximation,
we approximate the reaction term using the solution from the previous time layer. [18, 8,17, 19].
Applying such schemes to multispecies interaction models leads to the uncoupled equations for
each species which is computationally effective and leads to fast simulations compared with the
fully coupled, fully implicit schemes. We present numerical results for three geometries with dif-
ferent volumes of inclusions. The influence of the parameters (diffusion coefficient, expansion
rate, and interaction term) is investigated for the one and two-species models. For the one-species
model, we present results for two types of heterogeneity and compare results with the case of ho-
mogeneous parameters. The time to reach equilibrium is investigated for the different values of the
diffusion, expansion rate, and initial conditions. For the two-species model, we present numerical
results and consider the influence of the parameters on the final equilibrium state and the time to
reach it. Numerical results show a strong impact of heterogeneity on the solution.

The thesis is organized as follows. The first chapter describes the mathematical model for one



and two-species populations in the heterogeneous domain. Next, we present the construction of
the discrete system based on the finite element method and semi-implicit time approximation in
the third chapter. Numerical results and investigation of the influence of the parameters on the
solution and final equilibrium state are presented in the fourth chapter. The use of time-fractional
diffusion-reaction equations as effective tools for analysing population dynamics in heterogeneous

environments is explored in the fifth chapter. Finally, we present the conclusion in the last chapter.



CHAPTER 2: MATHEMATICAL MODEL

This chapter delves into details about building and analysis of mathematical models for popu-
lation distribution in heterogeneous settings. It specifically focuses on one-species and two-species
population models. These models account for population dynamics in regions with various rates
of diffusion and expansion. The boundary conditions, initial conditions, and diffusion-reaction
equations provide the foundation of the mathematical framework. These problems are approxi-
mated spatially using the finite element method, while their temporal derivative is approximated
temporally using the finite difference method. Our objective is to have a full understanding of pop-
ulation distribution in heterogeneous environments €2 that can be used to investigate and solve real
ecological issues. This thesis introduces the mathematical models for one-species and two-species
population distribution in heterogeneous areas. The heterogeneity in various domains is demon-
strated by varied expansion rates and diffusion coefficients, which results in the development of
diffusion-reaction equations together with an initial condition and boundary conditions.

The numerical solution of these problems using the finite element method to approximate the
spatial component and the finite difference approximation for the temporal derivative is a major
part of this section. By using this method, a variational issue and its corresponding linear and
bilinear forms are derived. In this work, we consider the followig two models
- One-species population model.

- Two-species population model.
The spatial-temporal models of population distribution are considered in heterogeneous domains

Q. Let Q be the two- dimensional heterogeneous domain
Q=0Q,UQ,

where Q; is the main domain, and Q, is the subdomain related to the inclusions (see Figure [2.1).
The formulation of a numerical solution method for these initial-boundary value problems is a
key aspect of this part. We use the Finite Element Method for spatial approximation and a finite

difference approach for temporal approximation in an effort to deliver an accurate yet computa-
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Figure 2.1: Illustration of the heterogeneous domain, Q = Q; UQ,.

tionally practical solution. With this combination, we are able to create a discrete counterpart of
the continuous issue that preserves all of its essential characteristics and enables for numerical
computation.

2.0.1 One-Species Population Model

The mathematical model is described by the following diffusion-reaction equation for u(x,t)

%—V-(k(x)Vu):r(x)(l—u)u, xeQ, 0<t<T, (2.1)

where u(x,t) is the population of the species at time 7, r is the expansion rate and k is the diffusion
coefficient.

We consider equation (2.1)) in heterogeneous domains and set

ki, xe€, ry, x€Qy,
k(x) = r(x) =
ky, x €€, r, X €L,

We supplement the model with the following initial condition
u(x,t =0)=ug, xe€Q, 2.2)

and the boundary conditions

0
k-0, xeoQ. 0<i<T, (2.3)
on

where 7 is the outer normal vector to boundary 0€.
For numerical solution of the initial - boundary value problem (2.1)) - (2.3)), we use a Finite

Element Method for approximation by space. To approximate given parabolic equation, we use
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the following finite difference approximation for time derivative

n+1 n
ou u"'-u

ar T
where 7 is the given time step and u" = u(x,t"), Tt =T/N, N is the number of time steps, n is the
time layer, n = 1,2,...,N. For initial condition, we have u® = up.
LetV={ve H(Q):v=0, x eI}}. where H' (Q) is the Sobolev space containing functions
v such that v? and |Vv2| have finite integrals over Q. To write a variational formulation of the

problem, we multiply the equation (4.13)) by the test function v and integrate over the domain Q.

Using integration-by-parts formula

—fV-(k(x)Vu) vdx = f k(x)Vu-Vvy dx—f k(x)@ vds
Q Q 00 dv

where v is the unit vector to the boundary 9€2.
After applying boundary conditions (4.17)), we have the following variational formation: find

u € V such that

un+1 —u"
f —_y dx—f k(x)Vu™ Vv dx = f r()uW ' A =u")y vdx, VYvevV.
Q T Q Q

We note that, we used a explicit-implicit time approximation.

Next, we rewrite vatiational formulation in the following form: find u € V such that:
aW" ' v)y=L(v), VveV,
where bilinear and linear forms are defined as follows

1
a(u,v):;fuvdx+fk(x)Vu-Vv dx+fr(x)u(1—u”)vdx,
Q Q Q

1
L(v):—fu”vdx.
TJa

Let 7" be a partition of the domain Q that resolve inclusions on the grid level with mesh size A.
Let V, C V contains functions which are piecewise linear in each fine-grid element K. Therefore,

we have following discrete variational formulation: find uj, € Vj, such that

a@'v)=L(v), YveV,
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Figure 2.2: Tllustration of the computational mesh with triangular cells, 7.
We can write the above discrete systems in the matrix form as follows
AU = F' where, (2.4)

U;;H—l — [I/l

N An=la =aWiy)), Fy =1 =L@,

with linear basis function ¢; € P;. The size of the discrete system is DOF = N, where N, is the
number of fine grid nodes. Finally, we have the following algorithm:

- Set initial condition u} = ug for n = 0.

- For n = 1,2,..., we solve system of linear equations @I8) to find U;*! for given solution from
previous time step U,

This section leads us through the methodical, step-by-step construction of the one-species pop-
ulation model. We have worked through the complexities of the initial and boundary conditions
starting with the formulation of the diffusion-reaction equation and have come out with a practical
mathematical model. This model not only accurately depicts the current scientific issue, but it
also paves the road for careful examination. The study of numerical methods, especially the Finite
Element Method and finite difference approximations, was then explored after the formulation.
Through this investigation, we learned how we can transform our ongoing problem into a discrete
one that can be resolved with the helpof pythoncode. The section’s conclusion was a discrete

variational formulation, a mathematical idea that connects the discrete and continuous domains.



2.0.2 Two-Species Population Model

Next, we consider the two-species competition model. The mathematical model is described

by the following system of nonlinear diffusion-reaction equations for ‘" (x,¢) and u‘® (x,?)

Ju
gt -Vv. (kl(x)Vu(l)) =r ()1 =MD —ap0uVu®, xeQ, 0<t<T,
(2.5)
u®
Zz -Vv. (kz(x)Vu(z)) = ()1 =uP)u® — @ ()uPu?®, xeQ, 0<t<T,

where 'V (x,1) and u® (x,t) are the population of the species at time #, | and r, are the expansion
rates for the fist and second species, k| and k, are the diffusion coeflicients, and a1, and a3 are
the competition coefficients between species 1 and 2, and 2 and 1.

In heterogeneous domain Q = Q; U Q,, we set

K, xeQy, rgs X €L,
ke(x)=1q ° re(x) =19 ° , (=1.2.
c c
k{’ XGQz, I‘g, x€Q2,
and
aly, x€Qy, @y, X €Qy,
ap(x) = , a21(x) =
0/3'2, x €Qy, agl, x € Qy,

We consider the system of equations (2.5]), with the following initial conditions
uD(x,t=0)=up;, u®(x,t=0)=up, xeQ (2.6)

and boundary conditions

ouD ou®
-k =0, -k
: on 2 on

=0, x€0Q, O0<r<T. 2.7

For both one-species population models and two-species population models, we have made
great progress in this section towards the numerical solution of initial-boundary value problems.
We developed finite difference approximations for the problem’s time derivative using a semi-
implicit time approximation. By employing a solution from the prior temporal layer to evaluate
the reaction portion of the problems, this strategy also allowed us to linearize the problem and

produce a set of forms for the one- and two-species models.
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The foundation for comprehending population distribution in varied locations has been estab-
lished by this chapter. With initial and boundary conditions, the mathematical models for popula-
tions of one and two species are now complete. We have been able to convert continuous problems
into discrete concerns that are manageable in terms of processing by using the finite element and
finite difference methods. Through further study and simulations using these techniques, we can
learn a lot about ecological dynamics and population behaviour. The numerical results and discus-
sions from the computational approach used to create the models are presented in the next sections,
which will throw light on the complex interactions and phenomena displayed by various popula-
tions in varied environments. Next, we present an approximation of the model using the finite

element method for approximation by space and semi-implicit time approximation.



CHAPTER 3: APPROXIMATION BY SPACE AND TIME

For both one-species and two-species population models, the numerical solution of the initial-
boundary value problems is the main topic of this chapter. Applying semi-implicit approximation
by time as the initial step in this attempt entails using finite difference approximation to handle the
time derivative. By using this strategy, we are able to linearize the problems and generate particu-
lar forms for each model. The variational formulation for both models is then presented, offering
a mathematical foundation for resolving challenging population dynamics in heterogeneous set-
tings. The part also emphasises the essential relationship between species, providing a glimpse
into the complexity of multi-species relationships. The Finite Element Method for space-based
approximation is then introduced, along with the discrete systems. For the numerical solution of
the initial - boundary value problems for one and two-species population models, we first apply
semi-implicit approximation by time. We use the following finite difference approximation for the
time derivative

n+l _ . n
ov v %

~

a T
where 7 is the given time step and v"" = v(x,t"), T =T/N, N is the number of time steps, n is the
time layer, n = 1,2,...,N. We linearize a problem by evaluating the reaction part using a solution
from the previous time layer and obtain the following forms:

- One-species model

n+l _ n
¥ Tr . (k)Va"™) = r() A —u", xeQ, n=12,...N (3.8)

- Two-species model

y O+l _ (Ha

- -V (kl(x)Vu(l)’””) = r1 () (1 =u DD — a5 (x)u D07,

L @n+1 _ @) (3.9)

-V- (k2 (x)Vu(z)’"”) = ra () (1 =u@Myu®”" — a1 (x)u D1y @7,
.
where x e Qandn=1,2,...,N.

Our analysis was supported by the semi-implicit approximation by time and the finite difference

approximation for the time derivative. By separating into one-species and two-species models, we

9



have not only provided an in-depth understanding of these systems but have also outlined their
intricate connections and functionality within the context of population dynamics. These formulas
represent a major advancement in our numerical investigation and set the basis for the following

sections.
3.0.1 Variational Formulation
To write a variational formulation of the problem, we multiply the equation by the test function

and integrate it over the domain . For the one-species model, we have the following variational

formulation: find u# € V such that

n+l _ n
f ©£oe, dx—f k(x)Vu" ! Vy dx = f r(Ou"(1—u™y v dx, Yvev, (3.10)
Q Q Q

T

where V = H'(Q). We rewrite variational formulation in the following form: find u € V such that:
a1 V) =Lv), YveV,
where bilinear and linear forms are defined as follows

1
a(u,v):—fuvdx+fk(x)Vu-Vv dx,
Q Q

T

L(v)= %fgu” v dx—fgr(x)u”(l —u") vdx.

For the two-species model, we have the following variational formulation

pOn+l _ (D
f—vl dx—fkl(x)Vu(l)’””-Vvl dx
Q T Q

= f r1(0)u (1 =My ! dx—f 12Dy V1 dx,
Q Q
u(2),n+1 _ u(Z),n
f - Vdx —f ko (X)Vu P vy? dx
Q Q

-
= f o () U@ (1 =Py 2 dx—f a1 ()PP V2 dx,
Q Q

(3.11)

for Yv! € V! and v? € V2 with V! = V2 = H!(Q). We rewrite variational formulation in the follow-

ing form: find u" € V! and u® € V? such that
al(u(]),n+l,vl) — Ll(Vl), vvl c Vl,
(3.12)
aZ(M(Z)JH—l,VZ) — LZ(VZ), sz c VZ’

10



where bilinear and linear forms are defined as follows
1
a((u({),vg) = —f u® e dx+f k((x)Vu(o -Wv¢ dx, (=12,
TJo Q

1 .
L°(v®) =— f u'® ¢ dx+f rév(x)u({)’”(l —u Oy Vi dx —f an,g(x)u(”)’”u(o’” v¢ dx,
TJa Q Q

for n,{ = 1,2 and n # £. We note that the systems are decoupled and can be solved separately for
each species. The variational formulations of the one-species and two-species population models
are presented in this section, which effectively provides a starting point for the development of
intuitive approaches and methods for the resolution of these models. The elaborations comprise
weak form transformations that are appropriate, test space forms that are appropriate, and the
formation of relevant bilinear and linear forms. Additionally, by determining the proper bilinear
and linear forms for each species, the section clarifies the mechanics of multi-species interactions
within a shared domain and emphasises the complexity of the two-species model.

3.0.2 Discrete System
Let 7 be a triangulation of the domain Q
Th= ufi’% K,

where N, is the number of cells. We suppose that triangulation is resolving inclusions on the grid
level with mesh size h. Next, we define discrete spaces on grid 7. Let V}, € V contains functions
which are piecewise linear in each fine-grid element K;. Therefore, we have the following discrete
variational formulations

- One-species model: Find u;, € V;, such that

a(uzﬂ,vh) =L(vy), Vv, € V,
and we have the following matrix form

AU = F, (3.13)
where

Ut = [u_’/m], Ap=laij=aWiyy)), Fn=1f;=1))]

11



(1)n+1 (2)n+1
h h

- Two-species model: Find u €V, and u € V}, such that

a @™ v =Ly, Vv € Vi,
2)n+1
o v = L)), Wie V,

and we have the following matrix form for each species
n+1
AU = FE r=12, (3.14)
where

U = N, AL =laf, = af i) Fy =1 = Ew)).

Here we use a linear basis function i; € P;. Therefore, the size of the discrete system for each
species is DOF = N,, where N}f is the number of fine grid nodes. The discretization of the con-
tinuous variational formulations of the one-species and two-species population models using a
piecewise linear basis inside an appropriate grid domain has been thoroughly described in this sec-
tion. The solution procedure is then made simpler by converting the formulas to a matrix form.
The strength of this method comes in its inherent adaptability and computing efficiency, which are
essentially determined by the number of fine grid nodes that specify the degrees of freedom of
the system. This renders it an essential step in the process because these features lay the way for
solving intricate biological population models. The discrete system’s size further emphasises the
need to strike a compromise between accuracy goals and available computing power. Future study
will think about utilising more sophisticated computational approaches to effectively solve these
discrete systems.

To sum up, this chapter is an essential first step in comprehending and solving the one-species
and two-species population models. We started by linearizing the problems by utilising a semi-
implicit time approximation and finite difference to approximate the time derivative. In order
to describe the dynamics of species populations in varied habitats, we were able to define the
variational problems as a result. The discrete systems are provided as matrices and serve as the

building blocks for effective and useful numerical solutions. These ideas and computational tools

12



make it possible to investigate complex ecological phenomena that would otherwise be difficult
to analyse analytically. This chapter provides the required tools to increase our understanding
of complicated population dynamics and their implications for ecological studies by integrating

approximation approaches, variational formulations, and the Finite Element Method.

13



CHAPTER 4: NUMERICAL RESULTS

The behaviour of a mathematical model depicting the dynamics of biological species in the
domain Q = [0,1]? is examined in this chapter. The model is based on a set of partial differential
equations that account for the species rates of diffusion and expansion. Three test geometries
are taken into consideration, each of which has 40 circles with different radii but set positions to
evaluate the performance of the model. These test geometries, referred to as Geometry 1, 2, and 3,
have different main domain and inclusion volume fractions. The visualisation is accomplished
using the Paraview programme, while the numerical simulations are carried out using a finite
element method. We solve problem in domain Q = [0, 11? and consider three test geometries with
small, medium, and large inclusions. The chapter’s objectives are to analyse the length of time
needed for the system to attain equilibrium in each scenario and look into the impact of various
parameters on the dynamics of the final fix. In each geometry, we have 40 circles with the same
position and varying radius. Geometries and computational grids (Figure §.3))

- Geometry 1 with |Q| = 0.56 and || = 0.44. Grid with 92,844 cells and 46,783 nodes.
- Geometry 2 with |Q| = 0.8 and |Q;| = 0.2. Grid with 91,352 cells and 46,037 nodes.
- Geometry 3 with |Q;| = 0.9 and |Q;| = 0.1. Grid with 89,460 cells and 45,091 nodes.

Here |Q2;]| and |€,| are the main domain’s volume and the inclusions’ volume. We simulate

with 7 = 1 and set initial conditions uy = 0.5 (one species model) and up; = upy = 0.5 (two species

model). Geometries with corresponding grids are constructed using Gmsh [7]. Numerical imple-

(a) Geometry 1 (b) Geometry 2 (c) Geometry 3

Figure 4.3: Computational grids for Geometry 1, 2 and 3 (from left to right)

14



mentation is based on the open-source finite element library FEniCS [10]. The Paraview program
is used for visualization [1]. In three test geometries with different inclusions, the study examines
the dynamics of biological organisms. Gmsh is used to build computational grids, and FEniCS is
used to carry out numerical simulations. The findings show how heterogeneity and homogeneity
affect the time it takes for one-species and two-species models to reach equilibrium. The endpoint
equilibrium state is substantially influenced by diffusion and expansion rates. The biological sys-
tems in varied habitats are better understood as a result of this study, which also has implications
for managing ecosystems and conserving biodiversity.

4.0.1 One-Species Model

First, we consider the one-species model. We calculate the average value of the solution in

subdomain Q; and Q2,

1
Uy (t) = — u(x,t) dx, u.(t) = — u(x,t) dx,
il Jo, 0l Jo,
where |€);| is the volume of domain ;. To calculate the time to reach the equilibrium state, we

find a difference between the current solution and the solution from the previous time step
it -l <e, Vi=12,

with € = 107, We perform simulations for 1000 time layers. We consider three cases of the
parameters:

- Heterogeneity 1, where inclusions have a lower diffusion and lower expansion rate:

k, XG.Q.l, f, erl’
k(x) =19 r(x) =
k/100, x €y, 7/10, x €,

- Heterogeneity 2, where main domain have a lower diffusion and lower expansion rate:

k/100, xeQy, 7/10, xe€Q,
k(x) = r(x) =

k, XE.QQ, r, XGQQ,

- Homogeneous case, where we set the same coefficients in the main domain and inclusions:

15
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Figure 4.4: One-species model. Heterogeneity 1. Dynamic of the solution at three time layers
t = 40,100, and 200 (from left to right)
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Figure 4.5: One-species model. Heterogeneity 2. Dynamic of the solution at three time layers
t =40,100, and 200 (from left to right)
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Figure 4.6: One-species model. Homogeneous case. Effect of diffusion, expansion rate, and initial
condition (from left to right)
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Figure 4.7: One-species model. Effect of diffusion. First row: u,, € ;. Second row: u, € Q,
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Figure 4.8: One-species model. Effect of expansion rate. First row: u,, € Q. Second row: u, € Q)
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Figure 4.9: One-species model. Effect of initial condition. First row: u, € ;. Second row:
U, € Q2
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A homogeneous case is used only for comparison with two types of heterogeneity.

In Figures 4.4 and [4.5] we present solution at three time layers ¢ = 40,100, and 200 to illustrate
the dynamic of the solution for two cases of the heterogeneity on three geometries. Results are
presented for k = 107 and 7 = 0.1. We observe the effect of the inclusion radius on the solution
dynamic, which is similar for both types of heterogeneity. We see that the time to reach equilibrium
is different for three geometries and related to the fraction of the domain filled with inclusions.

In Figure {.6] we present the dynamic of the solution for the Homogeneous case. In the first
picture, the results are presented for different diffusion values £ = 1073,1074,0173,107® and 0 (or-
dinary differential equations, ODE) are presented with 7 = 0.1 and up = 0.5. We observe the same
behavior with the same time to reach equilibrium for the homogeneous case. The second picture
in Figure represent influence of the expansion rate (7 = 0.1,0.08 and 0.06) for X = 10™* and
up = 0.5. We observe the larger time to reach equilibrium for smaller expansion rate with # = 109
for 7 = 0.08 and ¢ = 142 for 7 = 0.06. The third picture represents the influence of the initial con-
ditions, where we see that time is larger when the distance from the initial condition to final state
is larger. For example, we have r = 111 for ug = 0.1 and ¢ = 75 for uy = 0.8.

The time to reach equilibrium for different diffusion coefficients k=1073,10"%,01"3 and 107
is presented in Figure for heterogeneous case. The expansion rate and initial condition are
fixed 7 = 0.1 and up = 0.5. The solution of the ODE is also depicted in each figure to highlight
the effect of the diffusion into the solution. It is well-known that the one-species model converges
to the solution u = 1 in Q for the case with free boundary conditions. For Geometry 1, 2 and
3 with Heterogeneity 1 and k& = 1074, the time to reach equilibrium are r = 217,156 and 131 in
main domain Q; and ¢t = 578,513 and 452 in Q, (inclusions). The time is larger for subdomain
Q,, where we have a smaller diffusion and expansion rate for Heterogeneity 1. For Heterogeneity
2, we observe opposite behavior with ¢ = 597,640 and 655 in Q; and ¢t = 247,312 and 345 in Q;
(inclusions) for Geometry 1, 2 and 3, respectively. However, the time to reach equilibrium depends
on the subdomain volume with smaller diffusion and expansion rate. We have a larger time for

Geometry 2 (20% of domain filled with inclusion) and 3 (10% of domain filled with inclusion),
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and almost the same time for Geometry 1, where we have 44% of domain filled with inclusion.
Moreover, we observe that more significant diffusion gives a shorter time to reach equilibrium,
where results for £ = 107 are almost equal to the solution without diffusion (ODE).

Next, we present results for 7 = 0.1,0.08 and 0.06 for k=10"* and ug = 0.5. The results
are shown in Figure 4.§] for two heterogeneity cases in Geometry 1, 2, and 3. Similarly to the
homogeneous case, we observe a larger time to reach equilibrium for the lower expansion rate.
Furthermore, the larger time is associated with the subdomain with a lower expansion rate (€, for
Heterogeneity 1 and Q; for Heterogeneity 2).

In Figure 4.9 we represent the influence of the initial condition on time to reach equilibrium.
We simulate with uy = 0.1,0.4,0.5,0.6 and 0.8 for fixed diffusion and expansion rate coefficients,
k =10"* and # = 0.1. Similarly to the homogeneous case, we obtain a larger time for a larger
distance from the initial condition to the final equilibrium state for all Geometries. Moreover,
we observe a larger time for Geometry 1 with larger inclusions than for geometries with smaller
inclusions. For example, for Heterogeneity 1 we have ¢ = 746,650 and 563 in subdomain €2, for
Geometries 1, 2 and 3, respectively. We also observe larger time related to the larger volume of
the subdomain with lower diffusion and expansion rate, where we have ¢t = 856,833 and 777 in
subdomain € with Heterogeneity 2 for Geometries 1, 2, and 3.

4.0.2 Two-Species Model

For the two-species model, we consider heterogeneous and homogeneous cases

- Heterogeneous case, where inclusions have a lower diffusion and lower expansion rate:

I/E/loo, x €Qy, 7/10, xe€Qy,
ki(x)=9 ri(x) = ;
k, xEQz, f, XEQZ,
];’ XGQI, 17, XEQ],
ka(x) =1 ra(x) = :
k/100, x € Q,, 7/10, x € Q,,
&, x€Q, a/s5, xey,
ap(x) = , an1(x)=
07/5, xEQz, a, xEQz,
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Figure 4.10: Two-species model. Heterogeneous case. Solution at the final time. First row: first
species, u'!. Second row: second species, u®

- Homogeneous case, where we set the same coeflicients in the main domain and inclusions:

We note that the coefficients for the second species are opposite to the first species coefficients.
Therefore, we consider one heterogeneity case for the two-species model because the opposite
heterogeneity case, similar to the heterogeneous domain 2 in the one-species model, gives an
identical model with the same results.

We calculate the average population of each species in Q; and Q;

1
O @(x,t) dx,
Q1

where |Q2| is the volume of the domain €2, simulations are performed for 4,000 time layers. The
time to reach equilibrium is calculated using difference between solution on current and previous

time layer, | —#®| < € with € = 107 for each k.
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Figure 4.11: Two-species model. Homogeneous case. Effect of diffusion, expansion rate, compe-
tition term and initial condition (from left to right).
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€ Q;. Second row:

Solution at three time layers ¢ = 40,100, and 200 for two-species model is presented in Figure

. or Geomet ,2,an . esults are presented for k = T, a=0. and 7 = 0.1. €
4.10| for G ry 1,2,and 3. Resul p d for k = 107* 0.05 and 7 = 0.1. Wi

observe the effect of the radius of the inclusion into the final equilibrium state. For time and final

equilibrium state, we obtain

- Geometry 1:

@V u?) = (0.78,0.41) € Q,

1)

@V u®) =(0.45,0.76) € Q,  with

- Geometry 2:
@V u?) = (0.86,0.28) € Q,

(1

@M u?) = (0.58,0.68) €Q, with

- Geometry 3:

@'V u?) = (0.88,0.22) € Q,

with

with

with

(t$),17) = (881,1130),

tV,12) = (798,634).

@V 12y = (1295,1617),

@,y = (1012,832).

'V 1Dy = (1523,1911),



@ u?) = (0.66,0.63) €Q, with  (¢+\V,1¥) = (1238,1056).

Here u,(qf ) and ugg) are the time to reach equilibrium for species ¢ = 1,2 in domain Q; and Q.

The larger time to reach equilibrium is obtained in Geometry 3 for both species and subdomains.
For Geometry 3, we also observe a larger final population for first species (u,(n1 ) and uél)) and

2 2
@) g))

smaller population for second species (u,,” and u

Results for the Homogeneous case in represented in Figure 4.11] We observe a same final
population for both species, u'" = u® = 0.67 with r = 74. We observe that solution does not
depend on the diffusion rate for the homogeneous case. Similarly to the one-species model, we
obtain a smaller population with a larger time for a lower expansion rate. The time to reach
equilibrium depends on the distance from the initial condition to the final state, where we obtain a
larger time to reach equilibrium for a larger distance.

The time to reach equilibrium for different diffusion coefficients k=1073,10"*,01"5 and 107
is presented in Figure 4.12]for Geometry 1,2 and 3 with heterogeneous properties. The expansion
rate and initial condition are fixed 7 = 0.1 and up = 0.5. The ODE solution is also depicted by black
dotted lines in each figure to highlight the effect of the diffusion into the solution. We observe a
larger time to reach equilibrium in Geometry 3 for d = 10~*. However, for d = 107°, we have a
larger time for the first species in Geometry 1. For each geometry time to reach equilibrium is
increases when the diffusion coefficient decreases.

Next, we present results for 7 = 0.1,0.08 and 0.06 for k=107 d=0.05, and up = 0.5. The
results are shown in Figure {.13] for two heterogeneity cases in Geometry 1, 2, and 3. Similarly
to the homogeneous case, we observe a larger time to reach equilibrium for the lower expansion
rate. The solution is represented with ODE solution (without diffusion). Compared with the ODE
solution, we observe that the size of the inclusions significantly impacts the final solution due to
the diffusion. Furthermore, the effect is dramatic for inclusions subdomain Q,. In Figure §.14]
we present results for different competition coeflicients, @ = 0.05,0.025,0.01 with fixed k=107"%,
7=0.1 and up = 0.5. Similarly to varying values 7, we observe a huge impact of the parameters on

solution inside inclusions due to diffusion.
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In Figure 4.T5] we represent the influence of the initial condition on time to reach equilibrium.
We simulate with uy = 0.1,0.4,0.5,0.6 and 0.8 for fixed diffusion and expansion rate coefficients,
k=107 a=0.05 and 7 = 0.1. We observe that the initial condition does not affect the final
equilibrium state.

4.1 Numerical Solution of the Spatial-Temporal Model of Population Distribution in

Heterogeneous Domain

Coastal swamps are virtual environments that advantage human wellbeing and prosperity,
counting securing inland ranges from storm surges, putting away water, expelling supplements
from watersheds, and giving nursery environments for essential commercial and recreational fish-
eries. The approach is to create a determining show for changes in a plant to create an estimating
show of changes in a plant to decide the impacts of human exercises on bog structure and work,
specifically swamp vegetation. Asset supervisors might utilize the show to decide how much water
to redirect back into the swamp to extend water levels to reestablish the vegetated wetlands. This
data can assess the costs and benefits of different rebuilding scenarios. In addition, the mathemati-
cal show may well be altered as required and connected to swamps in other districts of the nation
that are vulnerable to the adverse environmental and natural effects of development and water asset
development.

4.1.1 Mathematical Model

The mathematical model is described by the following parabolic equation with nonlinear right

hand side

%—V-(k(x)Vu):r(x)(l—u)u, xeQ, 0<t<T, (4.15)

where u = u(x,t) if the population of the species at time ¢, r is the expansion rate and k is the
diffusion coefficient. We consider equation (4.15]) in the two- dimensional heterogeneous domain

Q=0 UQ,, where Q is the main domain and Q, is the subdomain4.16|related to the inclusions.
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Figure 4.16: Illustration of the heterogeneous domain, Q = QU Q.

For the equation parameters, we set

ki, xe€Qy, r, X €8,
k(x) = r(x) =

ka, x€Qy, ra, X €L,

We set the initial condition
u=uy, x€Q, t=0, (4.16)

and the boundary conditions are as follows:

P
u=0, xely, —ka—”:o, xel,, 0<t<T, 4.17)
n

where 0Q =1 UT5.

4.1.2 Approximation using Finite Element Method

For numerical solution of the initial - boundary value problem (4.15)) - (4.17)), we use a Finite
Element Method for approximation by space. To approximate given parabolic equation, we use
the following finite difference approximation for time derivative

n+l _ n

ou u
ot T
where 7 is the given time step and u" = u(x,t"), Tt =T/N, N is the number of time steps, n is the
time layer, n = 1,2,...,N. For initial condition, we have uW=up. LetV={ve H'(Q):v=0,xeI}}.

where H'(Q) is the Sobolev space containing functions v such that v2 and |Vv2‘ have finite integrals
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over Q. To write a variational formulation of the problem, we multiply the equation (4.15)) by the

test function v and integrate over the domain Q. Using integration-by-parts formula

—fV~(k(x)Vu)vdx:fk(x)Vu-Vv dx—f k(x)@vds
Q Q a0 dv

where v is the unit vector to the boundary 9Q. After applying boundary conditions (4.17)), we have

the following variational formation: find u € V such that

n+l _ n
f e v dx—f k(x)Vu™ Vv dx = f r()u™ A -u") vdx, VYveV.
Q T Q Q

We note that, we used a explicit-implicit time approximation. Next, we rewrite vatiational formu-

lation in the following form: find u € V such that:
aW" ' v)y=Lv), YveV,
where bilinear and linear forms are defined as follows

1
a(u,v):;fuvdx+fk(x)Vu-Vv dx+fr(x)u(1—u”)vdx,
Q Q Q

1
L(v):—fu"vdx.
TJo

Let 7" be a partition of the domain Q that resolve inclusions on the grid level with mesh

|
0.25 05 075 1

Figure 4.17: Tllustration of the computational mesh with triangular cells, 7.

size h. Let V, C V contains functions which are piecewise linear in each fine-grid element K.

Therefore, we have following discrete variational formulation: find uj, € V}, such that

a(u;’l”,v) =Lv), WYveV,
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Figure 4.18: Case 1 (N): k = 1073, r=0.0l,and u = 0.5
We can write the above discrete systems in the matrix form as follows
AU = FY, (4.18)
where

Uit =1, A =lay = a@ypl Fi = 1f; = L)),

with linear basis function ¢; € P;. The size of the discrete system is DOF = N, where Nj, is the
number of fine grid nodes. Finally, we have the following algorithm:

- Set initial condition u} = ug for n = 0.

- For n = 1,2,..., we solve system of linear equations (4.18)) to find U ;”1 for given solution from

. . n
previous time step U;'.

4.1.3 Influence of Parameters to Average Solution vs Time

We simulate with 7' = 1500 and set initial conditions ug = 0.5. We consider two test cases:
- Homogeneous domain ky = k; and r| = r5.
- Heterogeneous domain with k&, = 0.1 and r, = 0.1.

We solve problem in domain Q = [0,1]* with 4 circle inclusions. Computational mesh con-
tains 3183 nodes and 6244 triangular cells. Here we use a linear basis functions and number of

unknowns is equals to the number of mesh nodes, N = 3183.
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Figure 4.19: Case 2 (k): N =250,r =0.01 and u = 0.5
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Figure 4.20: Case 3 (r): k =0.001 and N =250,u =0.5.
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Figure 4.21: Case 4 (up): k =0.001, r = 0.01 and N = 250.
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Figure 4.22: Homogeneous case. k = 1073, r=0.01. n = 1,25,250

OOGNJU 04 Db '|Ue+UU uue+oo 04 06 1. OOGHJD 04 Ué 1UG+UU

Figure 4.23: Homogeneous case. k = 1074, r =0.01. n = 1,25,250

- Numerical implementation is based on the open-source finite element library FEniCS.
- For geometry and mesh construction, we use Gmsh program.
- The Paraview program is used for visualization.

- In figures . 184.19] [4.20] [4.21] left pictures represents Homogeneous case and right heteroge-

neous case.
4.1.4 Numerical Solutions for Different Times
The results of this chapter demonstrate the important influence of domain heterogeneity and
parameter modifications on the dynamics of the mathematical model simulating the behaviour of

biological organisms. For various geometries, the one-species model displayed unique behaviour,

with changes in the time to reach equilibrium associated with the percentage of the domain filled
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Figure 4.24: Homogeneous case. k = 1073, r =0.01. n = 1,25,250
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Figure 4.25: Heterogeneous case. k = 1073, r = 0.01. n = 1,25,250
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Figure 4.26: Heterogeneous case. k = 1073, r=0.01. n = 1,25,250
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Figure 4.27: Heterogeneous case. k = 1073, » = 0.01. n = 1,25,250

by inclusions. The two-species model, in contrast, showed interesting interactions between the
opposing species and their reactions to heterogeneity. The simulations clarified how diffusion and
expansion rates affect the equilibrium state. Additionally, the impact of the initial conditions was
looked at, emphasising how little of an impact they had on the ultimate balance. With possible
implications for ecological studies, the findings of this investigation offer valuable insights into the

underlying mechanisms driving species dynamics in varied habitats.
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CHAPTER 5: MATHEMATICAL MODEL WITH FRACTIONAL-TIME
The use of time-fractional diffusion-reaction equations as effective tools for analysing popu-

lation dynamics in heterogeneous environments is explored in this chapter. Our main concern is
a one-species model that depicts how a population changes over time. Diffusion, which indicates
the dispersion of people, and reaction terms, which take birth and death into account, are both
included in the fundamental equation. The diffusion coefficient, which measures the degree of
dispersal, and the expansion rate, which controls population growth or fall, both have a significant
impact on the dynamics of the population. We also examine the effects of domain heterogeneity,
which is a division of the environment into distinct areas with different characteristics. We obtain
significant resultsinto h ow these elements combine to a ffect the behaviour of the p opulation by
running extensive numerical simulations on various test geometries. Our studies provides impor-
tant information for ecological modelling and future study by shedding light on the complexity of
ecological systems in many difficult situations.

- Diffusion-reaction equation for u(x,t) (0 <@ < 1)

0%u
ot«

V- (k(x)Vu) =r(x)(1 —uw)u, x€Q, 0<t<T,

where u(x,t) is the population of the species at time 7, r is the expansion rate and k is the diffusion

coeflicient. The Caputo derivative of the order «

o u(t) : ft(t )_aau( Yds, 0<a<l
ult) = ———— —s5) Y —(s)ds, a<l1.
! I'a-a) Jy as

Let Q = Q; UQ, be the heterogeneous domain. We set

ki, xe€Qy, r,, x€Qy,
k(x) = r(x) =

kz, X € Qz, r, XEe€ Qz,

where Q; be the main domain and €, be the subdomain related to the inclusions. Let N be
the number of time steps, 7 be the given time step, 7 = T/N, u" = u(x,t"), n is the time layer,

n=1,2,..,N. The fractional-order derivative of the fucntion ©" is defined using the following
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Figure 5.28: Heterogeneous Domain Q = Q; U,

formula:

o%u" (a) n— (@) n—j+1 n—j
S

where

1
(@) _ (@) _ : 1-
= °T2-a)’ Gh=iT=G=nT

Discrete problem:

(“’ f(u”+1 u)vdx+{(“’ (al f(u" AL n’)vdx

—fk(x)vu"“-vv dxzfr(x)u"(l—u”)vdx,
Q Q

where Vv € V, V = H'(Q).
5.1 Numerical Results for Time-Fractional Model

We consider three test geometries with small, medium and large inclusions:
- Geometry 1 with |Q| = 0.56 and |Q;| = 0.44. 92,844 cells and 46,783 nodes.
- Geometry 2 with |Q| = 0.8 and |Q;| = 0.2. 91,352 cells and 46,037 nodes.
- Geometry 3 with |Q;| = 0.9 and [€;| = 0.1. 89,460 cells and 45,091 nodes. - Heterogeneity 1,
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Figure 5.29: Geometries with Small, Medium and Large Inclusions

where inclusions have a smaller diffusion and smaller expansion rate:

k, xeQ, 1s7, xe€Qy,
k(x)= r(x) =

k/100, x€Qy, 7/10, xe€Qy,

- Heterogeneity 2, where main domain have a smaller diffusion and smaller expansion rate:

k/100, xe€Qy, 7/10, xeQy,
k(x) = r(x) =

k, XEQQ, 7, XGQZ,

Dynamic of the solution at three time layers # = 40,100, and 200. ug = 0.5, k = 10™* and 7 = 0.1
Dynamic of the solution at three time layers ¢ = 40,100, and 200. uy = 0.5, k=10"%and 7 =0.1

- Effect of Fractional Time DerivativeFirst row: u,, € Q. Second row: u. € Qy. k = 1074, 7= 0.1
and uy =0.5.

- For smaller @ we have slower dynamic with smaller average value for main domain and inclu-
sions.

- We observe a huge effect of @ to the time to reach equilibrium.

- Heterogeneity and Heterogeneity 2 have opposite behavior.

The outcomes of thorough numerical simulations performed on several test geometries with
variable inclusion sizes are provided and thoroughly examined. We obtain essential facts into the
impacts of fractional time derivatives, diffusion coefficients, expansion rates, and domain hetero-
geneity on the population dynamics by visualising the dynamic behaviour of the solution at various
time layers. The findings are discussed in depth in the chapter’s conclusion, with special attention

paid to how important they are for understanding ecological systems in complicated contexts. With
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Figure 5.30: Heterogeneity 1 with @ = 0.7

this study, we hope to advance ecological modelling and stimulate further research in this dynamic

and developing area.
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Figure 5.31: Heterogeneity 1 with @ = 1
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Figure 5.32: Heterogeneity 2 with @ = 0.7
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Figure 5.33: Heterogeneity 2 with @ =1
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Figure 5.34: Heterogeneity 1. Geometry 1, 2 and 3
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CHAPTER 6: CONCLUSIONS

The spatial-temporal models of one and two-species population distribution are considered in
heterogeneous domains with circle inclusions. An unsteady diffusion-reaction equation describes
mathematical models with a nonlinear reaction term. The unstructured grid resolves inclusions on
the grid level for accurate space approximation. A discrete system is constructed based on the semi-
implicit time approximation scheme and finite element method. Numerical results were presented
for the one-species and two-species interaction models for three geometries with different volumes
of the inclusions to illustrate the influence of the geometry on time to reach equilibrium and the
solution dynamic. The parameters’ influence is investigated for different values of the diffusion,
expansion rate, interaction term, and initial condition. The results illustrate a huge influence of
heterogeneity on the dynamic of the solution and the time to reach equilibrium.

In this study, we investigated initial-boundary value issues for models of one and two species
of populations. We started our investigation by using these models with the semi-implicit time
approximation method. By using the solutions from the previous time layer, we were able to
linearize the complex response dynamics and make the problem more manageable. This approach
gave us equations that precisely capture the behaviour of the models, opening the door for more
detailed analysis.

Our set of equations was then transformed into a variational representation of the problem,
which elegantly integrated the key variables. We were able to reframe our modelas one of finding
a function within a specified function space that satisfied the required equations as a result of
this transformation. Thus, the bilinear and linear forms for both models were defined, greatly
strengthening the mathematical elegance of our approach.

Then, in an effort to use our growing mathematical understanding in a more practical context,
we turned to a discrete system. To define discrete spaces on this grid, we triangulated the do-
main in this section. This method improved the problem’s computing viability by encapsulating
the problem’s continuous character within a discrete framework. Additionally, we switched from

variational formulations to their corresponding matrix forms, which allowed us to methodically
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resolve these complicated models.

We have studied the time-fractional diffusion-reaction equations for the dynamics of population
expansion in diverse environments. Our research has thrown important light on the behaviour of
populations in various ecological systems and shown the complex interactions between diffusion,
response, and domain heterogeneity. We have developed a more precise and sophisticated mod-
elling framework that incorporates fractional derivatives to capture memory effects and long-term
dependencies, which are essential to grasping ecological processes.

We investigated the sensitivity of population dynamics to important variables including dif-
fusion coefficients and expansion rates through numerical simulations. The necessity of taking
into account both diffusion and reaction mechanisms in ecological modelling is shown by the fact
that different combinations of these elements result in different patterns of population increase or
decline.

The study that was conducted offers a thorough method for comprehending the intricate phe-
nomena of population dynamics in single- and dual-species systems. The approaches and tech-
niques used have a strong theoretical foundation and are computationally feasible, from semi-
implicit temporal approximations through variational formulations and further into discrete sys-
tems. As we continue to create more sophisticated and effective methods for revealing the complex
dynamics of biological populations, this study leaves us well-prepared for additional research in

this area.
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